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1 Introduction

The view that monetary transactions have particular implications for business cycles, with shocks
propagated in a persistent fashion, or even according to sticky aggregate prices, is an organizing
principle in many macroeconomic models. That principle, for instance, can be found in the Phillips-
curve correlations derived by Lucas [[10]]. Price adjustments in his model follow lags in the flow
of information about the nature or magnitude of aggregate shocks. Regardless of whether shocks
are nominal or real, theoretical derivations of aggregate persistence have, in common with [[10]],
an appeal to assumptions that do not seem necessary for money to have a role in the underlying
world. In other words, economists have not linked the dependence of macro aggregates on histories
to the fundamental properties of money.

In this paper, we provide such a link in a setup best described as a standard model of money
as a medium of exchange, one without monitoring of individuals. By formulating a planner’s
problem, subject to participation constraints, we postulate that if price and output persistence is
a fundamental property of monetary economies, then that property must appear in the optimal
return on money. We then ask what the theory of second best predicts when the economy is hit
with aggregate shocks, and a candidate allocation has participation constraints binding in some
states but not in others. The prediction is that welfare can be improved by having the return on
money distorted in all states and histories.

Our findings point towards an envelope argument as follows: Suppose that output is only allowed
to vary with the last realization of the shock, in what we call a state-dependent allocation. Suppose
further that such an allocation has output in one state at the first-best level, with participation
constraints slacking in that state, but has output constrained at a different state. We would then

argue that there exists a history-dependent allocation, one that is allowed to vary with the whole



history of realizations, and that improves welfare. That is so because small changes around the
first-best output level have negligible welfare costs, but can alleviate constraints in the binding
state. We emphasize that in our economic environment history-dependence is not an artifact of
incomplete information about aggregate shocks.!

We find that the heterogeneity created by monetary transactions introduce discrepancies be-
tween social welfare and the incentives necessary to convince individuals to accept money, which
is the case when buyers and sellers value money holdings differently. This property puts monetary
models in the same category as models with distortions for which second-best allocations are rel-
evant. However, history-dependence is not a direct implication of the theory of the second best,
as we show by briefly describing a gift-giving economy, based on [[3]]. Our particular example is
constructed so that individual heterogeneity is assumed away and has monitoring substituting for
money. As we show, the optimum does not feature history-dependence. For some parameters, the
optimum is a second best, with participation constraints slacking in one state, not in the other, but
still without friction between incentives and welfare.

There is a voluminous literature that derives history-dependent allocations in principal-agent
problems with imperfect risk sharing, but the results in this literature are not directly relevant

to our monetary context.? Our monetary economy, with anonymous individuals, has no role for

!By contrast, the message in [[15]] is that persistence/stickiness a la Lucas [[10]] blends well with the Kiyotaki
and Wright [[7]] model, insofar information about shocks can be acquired slowly through pairwise meetings. See [[5]]
for extensions of this argument. See also [[2]] for a search model, with alternating changes in preferences, in which

the optimum features a cyclical supply of money.

20ur basic environment has no room for insurance, in contrast to models of optimal risk sharing, such as the
principal-agent economy of [[12]], and the no-aggregate-uncertainty economy of [[4]]. As a recursive treatment of
aggregate distortions, our main debt is to [[6]] and [[1]]. An alternative view of macroeconomic history dependence,

apart from the foundations of money, can be found in [[16]].



mechanisms that rely on monitoring or reports sent to a planner or principal. Moreover, the focus
of our paper is on macroeconomic persistence and not on history-dependence at the individual level.
Since our results are novel in the macroeconomic literature, special consideration must be made for
our simplifying assumptions, in particular the restriction to 0-1 holdings of money. We now briefly
describe why such assumptions are necessary, and leave for the conclusion a discussion of their role
in the results.

The task of using a model of heterogeneous agents to assess properties of monetary business
cycles has challenges of its own. In the case of random-matching models, a general recursive
approach requires three state variables: the distribution of money, the value function for money, and
the last realization of the shock (see [[1]]). By restricting individual holdings to 0 or 1 unit, however,
we can work here with a problem of lower dimensionality since the value function of money holdings
can be replaced by a scalar variable that we label return (of money), which captures the relevant
utility promises. Even in this limited setting, there are two kinds of participation constraints: one
for the producer who acquires money, and one for the consumer who acquires goods. We are able
to show that only the producer constraint matters when shocks are sufficiently small.

More specifically, trade takes place at random, pairwise meetings, and the probability that
money is spent in a given period is proportional to %, where N, the number of individual types,
describes the degree of absence of the double coincidence of wants. We allow allocations to respond
to the history of realizations of a common shock, assumed #id. The equilibrium concept is that
of mechanism design: allocations are implementable if they respect individual rationality, which,
due to the absence of commitment, and to a lack of differential information, takes the form of
simple participation constraints. By ranking allocations according to ex-ante average utility, we

identify parameters for which the optimum is history dependent. We find, loosely speaking, that



the transition from old to new returns has a memory parameter 1 — —, which captures the odds of
realizing the return on money in a given period. That parameter reflects the fact that monetary
returns can be written as a sum of future payoffs, discounted at a higher rate than that of time
preferences.?

The rest of the paper is organized as follows. In Section 2, we describe the random-matching
environment and its implementable set of non-stationary allocations. In Section 3, we derive a sto-
chastic difference equation for the multiplier of the producer constraint. We also describe examples
of allocations that are candidates for optima. In one such allocation, the economy may start in a
“recession” , that is, in a situation such that the nominal price is sufficiently low for accommodating
the trade of goods in exchange for a fiat promise (goods in the future with some probability). That
is not the case when the aggregate shock sends the economy into a “boom”, when the expected
value of money constrains output. The alternative is then to improve returns by inducing expecta-
tions that, in the future, bad shocks will be dealt with in ways that increase output and thus the
value of money. The relevance of the examples is proved in Section 4. When shocks are removed,
the optimal output is constant and the consumer constraint slacks. When shocks are sufficiently
small, the dynamics are described by simple extensions of the deterministic case. We then proceed,

in Section 5, with the discussion of the economy with monitoring, and an assessment of the role of

our simplifying assumptions.

3We conjecture that the envelope argument applies to the random-matching model with general and observable

money holdings if the support of aggregate shocks is sufficiently large.



2 The random-matching environment

Time is discrete and the horizon is infinite. A measure-one continuum of individuals lives forever
and is specialized in consumption and production. Goods are divisible and perishable. Production
and consumption take place in bilateral trade according to random meetings. People are equally
divided according to specialization types, ¢ = 1,2,..., N, so that type ¢ consumes good 7 but
produces good i + 1 (modulo N). We assume that N > 2, so that the probability of a single
coincidence of wants is % € (0,1) and barter is not possible. As usual, the setup is chosen so that
outcomes are symmetric across types, and the notation ¢ can be dispensed with.

At the beginning of every period, the economy is hit by an aggregate shock s, with support
in {l,h}. The notations [ (low) and h (high) are motivated by our interest in outcomes with the
property that aggregate output is constrained with the realization of the high shock, but not with
that of the low shock. The shock s is ii¢d over time. The probability that the realization in the next
period is s is strictly positive and denoted 7.

People meet in pairs according to random meetings. The utility from consumption of y > 0
units is us(y) when the shock is s, where u; is continuous, strictly concave, differentiable, and such
that us(0) = 0, u(0) = oo, and us(y) < y for y sufficiently high. The utility for the producer in a
meeting, producing y > 0, is —y, independently of the aggregate shock. We assume that production
is bounded above by an arbitrarily large maximum output. The discount factor is 5 € (0, 1).

People cannot commit to future actions, and individual histories are private. Money holdings
are restricted to {0,1}, and are observable by the pair in a meeting. Let sy denote the date-0
realization of the aggregate shock. The welfare criteria, used for selecting optimal allocations, is
the ex-ante expected utility conditional on sy, where the expectation is taken with regards to the

invariant distribution of money holdings. The first-best level of output in realization s is ¥ such



that u/(y*) = 1. Thus, first-best levels of output maximize the sum of utilities of the consumer and
the producer in a single-coincidence meeting conditional on the realization of the aggregate state.

An event for this economy at date ¢ is denoted s*. We often use the expression (s=1, s;) for st
when we want to emphasize that the last realization of s' is s;. Hence s; € {I,h}, and s’ is the
list, of size t + 1, {so, s1,...,5¢}. We assume that the history of shocks s’ is public information.
Let us denote by S* the set of possible histories, up to ¢, and let us denote by p;(+) the probability
measure on S! induced by the stochastic process for s. We assume that in period-0 a fraction
m € (0,1) of individuals holds one unit of money. We consider the fraction m as being part of the
description of the random-matching environment. Since the value of money will be non-negative in
an optimal allocation, individuals will not have incentives to dispose of their money holdings. With
the restriction to either 0 or 1 holdings, as assumed, trade preserves the distribution of money,
which can also be ignored in the analysis.* Since one unit of money is exchanged for y units of a
good, the nominal price is simply é, and is thus implicit in the analysis of output.

An allocation for this economy is a sequence of output functions y; : S* — R, or simply y(s?),
that is exchanged for money in meetings in which the consumer in single-coincidence meetings

5

has money, and the producer has not, for each s’ in S?, and each t = 0,1,....° By assumption,

p(so) = 1. The welfare criterion is
oo

S 3 Bhp(sh)z (y(sY) 1)

t=0 ste St

*In the random-matching environment, our goal is to describe the necessary conditions for optimality for arbitrary

m € (0,1). Such conditions hold for the particular case in which m is also chosen optimally.

>Throughout the paper we follow the convention of writing y(s*) to denote a function of histories at time ¢, which
abstracts from the fact that the domain S* of the function depends on t. The same convention applies to other

variables.



where

2y) = m(1 = m) - (us(y) — ).

—
[\
~

The function z represents the average social gain from monetary exchange, insofar as m(1 — m)%
is the aggregate measure of potential trade (meetings in which one individual has money, the other
has not, and where there is a single coincidence of wants) and us(y) — y is the average payoff for

an exchange for y when the shock is s.

2.1 Implementability and optimality

Let vj(s') denote the expected, discounted utility of an individual with money holdings j € {0, 1},
at date t and history s?, before meetings occur. The expected utilities for this economy, given an

allocation, are described by

vi(sh) = (1=m)=:[us (y(s") + Bmo(s', 1) + mhvo(s', b)) +

(1—(1—m)%)ﬁ(mv1(st, 1) + mhor (s, b)) (3)

and

vo(s') = m%[*y(st) + B(mr(s', 1) + mpo (st b)) +

1
(1—mﬁ)5(ﬁzvo(5tal) +mpvo(st, b)), (4)
provided that the sequence v(s) = (vo(st),v1(s")) is bounded.

There are two kinds of participation constraints, one for the producer and one for the consumer.

The producer constraint is
y(s') < B(mdv(s',1) + mpdv(s', b)) (5)
where

ov(s') = v (s') — vo(sh). (6)



The consumer constraint is
us(y(sh)) > B(mov(st, 1) + mpov(st, h)). (7)

Definition 1 An output allocation y(st) is implementable if there exists a bounded v(s') satisfying
(3-7) for all s* € St and all t = 0,1,2,.... An allocation is optimal if it maximizes (1) among the

set of implementable allocations.

We emphasize that our notion of implementation only requires that agents have rational ex-
pectations and behave rationally. Since individuals understand the world they live in, they can
rationally forecast the expected utility gain of holding money at different histories s'. In particu-
lar individuals can solve the planner’s problem that gives the optimal terms of trade in bilateral
meetings (which we state in the next section). As a result, our implementation does not require
the planner to send any message stating the terms of trade and expected return on money. In fact,
we assume that the economic environment is such that there is no possible communication between

the planner and individuals.

2.2 The sequential planner’s problem

We now write a simple planner’s problem that we shall use to characterize optimal allocations. To
this end, we assume that the support of s, together with (us,7s), is such that the satisfaction of
the producer constraint implies the satisfaction of the consumer constraint (an assumption which
must be verified later).

We start by writing an expression linking dv(s') with the conditional expectation of v(s?, si11).
We shall argue that dv(s') and s; are the key state variables for the planner’s problem. Using (3),

(4) and the definition of dv, (6), it follows that, for st = (s'~1,s;),

Ov(s’) = fu (y(s")) + (1 - %)B(m@v(sta 1)+ mhdv(s', b)), (8)



where

(1 = m)us(y) +my).

2|~

fs(y) =

Notice that fs(y) depends on history only by way of s, the current realization, and y, the current
level of output, and that fs(-) is continuous, increasing, concave, differentiable, and such that
fs(0) = 0.

As noticed, we anticipate that the consumer’s constraint is irrelevant. We also anticipate that as
long as upper bounds on the return on money are verified, the condition (8) can be replaced by an
inequality constraint on the minimum return in a given history.% Using the notation oo = (1 — %) B,

the planner’s problem is then given by

a3~ 3 pls5 (1) )

t 0 s;eSt
s.t.
y(s) < B(mov(st,1) + mp0v(s, h))
ov(s") < fs,(y(sh)) + a(mov(st, 1) + m,0v(s", b))

0 < 8U(St) < B for all s* and all ¢.

The constraint dv(s’) < B rules out “Ponzi schemes” so that the return on money is bounded

above by the discounted expected-utility gain of having one unit of money

8U(St) < fsi(Wmax) + 22 2 O‘Titp(ST) fsr (Ymax)-

T>t5,.€S5T
where ymax is an exogenous bound on output. We thus assume that B is large enough not to bind

in the solution to the maximization problem. The next proposition shows that the non-Ponzi

SWorking with an inequality constraint for the return to money facilitates the description of the planner’s value
function in the recursive version. It is trivial to check that optimal plans for relevant histories will satisfy the constraint

with equality.

10



condition implies a state-dependent maximum sustainable return on money. We shall refer to the
(promised) return on money, dv(st), as return, and use the variable r for its counterpart in the

recursive approach. We end this subsection with a derivation of upper bounds for return.

Proposition 2 (Mazimum Sustainable Return) Any sequence {y(s'),0v(s')}, satisfying the
constraints of the planner’s problem, is such that dv(s') < 7s for all s', where Ts solves s =

fs(B7) + aF and 7 = mF+ w7 for s € {1, h}.

Proof. Deriving the sustainable-return interval in the deterministic case is quite a simple task,
which we build on for the stochastic case. We start by noticing that we can simplify the analysis
by assuming that the producer’s constraints hold with equality, since the set of sustainable return
is non-decreasing in output levels. In this case, allocations are fully described by a contingent
sequence Ov(s!), with the understanding that output is pinned down by the producer’s constraint.
We then associate with each allocation in this class a sequence of expected return, and investigate
under which conditions such a sequence is bounded.

We use the shorter notation r(s?) for return, instead of dv(s'). We start by studying restrictions

on expected return by considering the function g(z) = m; fi(8x) + 7 frn(Bx) + ax, for x € R4. Since

1—B+B5 (1-m)

the derivative of u, is infinite at 0, mu)(0) + mpuj,(0) > :
By (1-m)

so that ¢’(0) > 1. Then,
let 7 be the unique positive fixed point of g, that is, the value of z > 0 for which g(z) = x. Note
that g(x) is strictly positive for > 0, increasing, and concave. That 7 is well defined and unique
follows from properties of f (concavity, strictly increasing function, and the conditions assumed
on us around 0). The values of maximum sustainable return in the statement of the proposition
satisty 75 = fs(87) + a7 for s € {l, h}.

Let now r(-) be given and suppose, by way of a contradiction, that r(s’) > 7s,, for some s’.

Define the state-dependent function gs, () = fs,(8x) + ax. Feasibility requires that the next period

11



expected return r¢ at history s' satisfies r(s') < f,,(87¢) + ar® = g5, (r¢). Because gs, is an
increasing function with gs, (7) = 75, and r(s) > 7s,, it follows that r¢ > 7.
Notice that, by construction, the function g is a recursion expressing expected return at history

t 1

st as a function of expected return at history s‘T!'. As a result, the inverse of the function g

defines a lower bound for the expected return at node s'*! in terms of the expected return at

t 1

node s’. Since g is an increasing concave function satisfying g(7) = 7, it follows that g~ is an
increasing, convex function satisfying g~'(7) = 7. As a result, any feasible sequence r(s) for which
ré(s) = mr(st, 1) 4+ w7 (st, h) > 7 should satisfy 7¢(s/1) > g7 1(r¢(st)) > r¢(s') > 7. Convexity of
¢~ ! implies that the sequence {re(st)} grows without bounds. Now, if the expected return grows
unboundedly, it follows that r(s') > B for some history s. We thus contradict feasibility of the

sequence {y(s!),r(s")}. m

2.3 The recursive planner’s problem

As a simple application of Bellman’s optimality principle, the sequential planner’s problem has
a recursive representation in which the triple (s,7;,73) is the state.” Since only return r, is the
relevant promise in realization s, the planner’s value function is constant in 7y for s’ # s. Thus the

Bellman equation of interest has only the pair (s,7) as a state (it helps, as we do in some contexts,

" Cavalcanti and Monteiro ([1]) derive a recursive formulation for general money holdings. The state of the general
formulation is the triple (u, vs, s), where p is the distribution of money holdings, and v is the value function in state
s, describing expected utilities associated with each level of money holdings. In our application, p is constant, as a

result of 0-1 holdings, and only the difference in 0-1 values appears in the participation constraints.

12



to think of r as a short for r5). We thus consider the following dynamic programming problem:

w(s,r) = maxz(y) + Blmw(l, 7)) +mpw(h, )] (10)
s.t.

y < Blmrp+mary) (11)

r < foly) +almr + mary) (12)

where the maximization is taken over (y,r;,7},) € Ry x R; X Ry, and where Ry = [0, 7] is defined
by Proposition-2 bounds. The Bellman equation (10) can be interpreted as follows. At each date,
after the realization of the shock takes place as s, the decision unit chooses output y, taking into
account the return function z; and the limits imposed by the participation constraint (11), as well
as the impact of y on the return on money at the current period, which is given by the right-hand
side of (12). Since the contingent return, r, guided producer’s choices in the previous period at the
time of exchange, then rational expectations require that the current production, as well as future
expectations about the value of money, (r},7},), are sufficiently high to justify the expected value
r. In this problem, the decision unit inherits a promise r, which must be honored by an action
y, together with future promises (r},,7}) which are to be debited from the future according to the
value function w.

Alternatively, the Bellman equation can be written as a fixed point of an operator T. For such
a formal description, we define W, the set of functions w mapping pairs (s,r) into real numbers,
such that w(s,-) : Rs — R is bounded, weakly decreasing, concave, and continuous. We anticipate

that the following operator maps W into itself:

Tw(s,r) = max  z(y)+ Blmw(l,r) + mpw(h,ry)],
Y, €L (s,7)

where I'(s, ) = {(y,7],},) € Ry x R x Ry, such that y < B(mr] + mpry,) and r < fo(y) + a(mr) +

13



mpry,)}. We now prove that 7' is well behaved.

Proposition 3 Let w € W. Then, Tw is bounded, continuous, weakly decreasing and concave in r.

Proof. Boundedness follows trivially. Moreover, since I'(s,r) is decreasing in rg, it follows
that T'w is also decreasing in 7. Note that I'(s,.) is a compact-valued, non-empty and continuous
correspondence. Then, for w € W it follows from the Theorem of the Maximum that Tw is
continuous. To establish the concavity of T'w, note that using the concavity of f, it is easy to show
that I'(s,.) is a convex correspondence. Then, arguments similar to the ones in Proposition 4.8
in [[13]] (just follow the arguments for establishing weak concavity) imply that Tw is a concave

function. m

Proposition 4 There ezists an unique solution w to the Bellman equation (10). Moreover, if
{y(s!)} is the allocation generated by the optimal policy functions for w, from the initial state

(s,7) = (s0,0), then {y(s')} solves the sequential planner’s problem.

Proof. Blackwell’s sufficient conditions for a contraction implies that T is a contraction. It
follows from the Contraction Mapping Theorem that there exists a unique w € W such that
w = Tw. Proposition 4.2 in [[13]] implies that w(s,r) = wk(rs), where w¥ : Ry — R gives the
utility attained in Problem (9) when the initial state is so and the planner is constrained to deliver
a return on money rs, € Rg,. Given that w(s,.), and hence that w}, is a non-increasing function
of r, the solution to the planner’s problem gives welfare equal to w(s,0) = wj (0), and the optimal

allocation is implied by the policy functions attaining w from the initial state (s,7) = (s0,0). ®

14



It is instructive to rewrite Bellman’s equation as follows

wis,r) = max{z(y) + () (13)
s.t.
y < pr

r S fs(y) + 047“,,

where v is a concave non-increasing function defined as

v(r) = max{mw(l,r)+ mpw(h,r)}
T1,Th
s.t.
o= mr+ TR

The maximization problem in (13) is, for a given v, a one-period problem and has a simple graphical
representation. It involves a trade-off between current output y and the level of expected return r’
for tomorrow. The FOC for output is given by z.(y) — p + Afl(y) = 0, where p and A represent
the Lagrange multipliers on the producer and return constraints. The solution to the one-period
problem can take one of three possible forms: (a) return constraint binds and producer constraint
slacks, (b) return and producer constraints bind, and (c) return constraint does not bind. Case (c)
is irrelevant because we can assume, without loss of generality that r is high enough so that the

return constraint binds.®

8In case (a), optimal output satisfies zi(y) = —Afi(y) < 0. The concavity of z together with the fact that
25(ys) = 0 implies that the optimum satisfies y > y3. As a result, output is above the first-best level when the
producer constraint binds. Case (b) corresponds to a corner solution in which the indifference curve going through
the optimal choice (y,d’') is not tangent to the boundary of the constraint set. In this case, output y could be either

above or below the first-best level, depending on the sign of u — Af5(y).

15



It should be clear that in the one-period problem, the state of the economy as given by the
current realization of the shock s and the return level r, determines which particular form the
solution takes (among the three possibilities just described). It is natural to expect that as the
state of the economy changes, the solution to the one-period problem could change in type. In the
next section, we investigate how the state of the economy changes over time and how these changes

affect the solution to the one-period problem.

3 Basic allocations

We say that an allocation is state dependent when the current-period output and return plans
for next period depend on history only through the current realization of the preference shock.
Otherwise, we say that the allocation is history-dependent. In the case of solutions that are history-
dependent, the past promise to producers is a relevant state variable, and the realization of the
current preference shock is not a sufficient statistic to determine the optimal choices in a given
period. Note that in a history-dependent solution, there is always a positive probability that the
economy reaches a state in which output and state-contingent return (to money) are constrained
by (past) promises to producers. In other words, in a history-dependent allocation, the economy
reaches with positive probability states in which the return constraint is active. As we shall see,
history-dependence also requires that producer constraints do not bind forever (with probability 1).
With the first-best allocation, output y? is state-dependent because it only varies with the current
realization of the preference shock. The first-best allocation however may not be implementable.
In this case, we want to know whether the second-best allocation is history dependent and, if the
answer is yes, under what conditions.

We can gain some insights about conditions necessary for history-dependence, as well as the

16



memory of the system, by considering the first-order conditions (FOC) of the sequential planner’s
problem (9) (note that it is a standard convex optimization problem). If we associate the multipliers

Bp(st) p(st) and B'p(s?) A(s') to the producer and return constraints, the FOC for optimality imply

y(s) 2, (y(s") = p(sh) + A fo, (y) =0
ov(s' sir1) = Bu(sh) +ar(s’) — BA(s', si11) =0
(st o B(mov(st, 1) + mpdvu(st, b)) —y(s') >0

A o fe (y(sh) + almov(st, 1) + m,0v(st, k) — du(s') >0

The condition for u(s!) (as well as that for A(s!)) becomes an equality if u(s?) > 0 (if A(s?) > 0).
We have already used the fact that in any optimal solution, y and dv are strictly positive. The

FOC with respect to du(s', s¢y1) yields

1

(s, se1) = p(s") + (1= A, (14)

which implies that the value of the multiplier on the return constraint at ¢ + 1 does not depend on
the realization of s;11. Intuitively, the planner chooses a state-contingent return on money so that
the marginal burden of the return constraint is equalized across states of nature.

In period-0 the initial return level is unrestricted. It is optimal, without loss of generality, to set
r(sp) = 0. It follows that the return constrain does not bind in period-0 and A(sg) = 0. Now, when
s' is such that the producer’s constraint does not bind (u(s') = 0), it follows from (14) that next-
period’s return constraint will not bind. Moreover, once the producer constraint binds for the first
time, the following period the return constraint will bind for the first time. History-dependence,
hence, requires that the producer constraint binds. Intuitively, in order to relax a binding producer

constraint, the planner makes promises to induce producers to increase output. This comes at the

cost of restricting next period’s (and all future) choices.

17



Consider now a history s’ with a binding return constraint A(s’) > 0. If the producer constraint
does not bind (u(s') = 0), it follows from (14) that A(s’,s.41) = (1 — )A(s") < A(s?). Thus, the
return constraint is less binding following periods in which the producer constraint did not bind.
The rate of decay of \(s!) depends on %, the matching friction that gives a role to money. Since
% < 1, the return on money will be linked across periods. When past promises to producers bind,
the return on money becomes sticky.

In the next section, we demonstrate the existence of history-dependent allocations. In particular,
we show that in this monetary economy, history-dependence requires aggregate uncertainty and a
discount factor that is neither too high nor too low. The following basic result is useful for predicting

state dependence.

Lemma 5 (Envelope Property) Suppose that the optimum is state dependent, with slacking

consumer constraints, but it is not the first best. Then, the producer constraint binds in both states.

Proof. The proof is a direct consequence of the FOC of the sequential problem. If the optimum
is state dependent, then there are functions (y, A, p, 0v) of s € {I, h} satisfying the FOC. But since
A must be a constant function of the last realization of the shock, then p must also be constant in

s. Since the optimum is not the first best, y must be positive. m

3.1 Examples

We end this section with examples of some basic allocations that are candidates for optima. When
multiplier dynamics occur, they follow the law of motion (14), which is sufficiently general to cover
all cases, including the extreme in which aggregate shocks are ignored. Such a case is considered
because it helps to establish that the consumer constraints can be ignored when shocks are small,

and also because an artificial transition can be described in the deterministic case as well. The
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transition is artificial insofar as it requires a high level of initial return which is never chosen for
optimal allocations in the deterministic case.

In the examples that follow, 7 is the maximum expected return ;7 + w7, where 7 is the
Proposition-2 bound in state s. We also use g for the maximum output S7 (which is also well
defined when shocks are removed in our deterministic case). In addition to the first-best levels of
output, y;° and y;, we also find it useful to define r}, as well as 7* = mr; + 7,7}, which are the
first-best return levels, given by the same equations in Proposition 1 for 75 and 7, but using as the
argument of fs the first-best output levels, instead of the maximum sustainable ones. We start

with the unconstrained solution,

Ezxzample 1 (first-best allocation).  The average return is 7* and output in state s is y¥, which

satisfies y <y < Br*.

Hence, this class of allocations is state-dependent. Another class for which policy functions are

constant is
Ezxzample 2 (flat allocation). The average return is # and output in both states is g = 7.

We shall show that the example-2 allocation is optimal when 37 < y/ < y7, and that the planner’s
value function is flat on the set of sustainable levels of return.
We now focus on a situation such that y < Sr*, and hence first-best output in [ is feasible, but

y;, > Br. That is, first-best output is not feasible in h.

Ezample 3 (price/output persistence). The allocation is described with the help of threshold return
levels (7,7,). When s = [ and r < 7, output is y; and the contingent promise is (7,7}), that
is, a constant. If s = but r is in a right-neighborhood of 7, output is greater than y;, and each

promise exceeds Ts, but an infinite sequence of repetitions of s = [ brings (r},r},) down to (77,7).
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Now, if s = h, no matter the level of initial return, output belongs to the interval (y;, ;) while

each promise exceeds 7, without a tendency to approach (77, 7y,) with repetitions of state h.

Example 3 is such that the return multiplier evolves over time as output-persistence is used in
order to reduce the growing return of high-shock periods. Examples 1 and 2 feature no dynamics
in A, either because the economy is in the first best (Example 1), or because output is constant

(Example 2). In both cases, the average future return is a constant.

4 Main results

We now present the economies for which the examples of the previous section describe the solutions.

For ease of exposition, we start the analysis by removing the aggregate shocks.

4.1 No aggregate-uncertainty

Here we show that the economy without aggregate uncertainty does not feature history-dependence.
Intuitively, history-dependence requires that the promises made by the planner to producers vary
over time. In the absence of aggregate uncertainty, the planner does not gain by varying promises
to producers and, as a result, allocations do not depend on history.

Consider a sequential planner’s problem in which the initial return on money is fixed at rg,
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without aggregate uncertainty. This problem is given by

o0

wi(ro) = max_ Y B'(y)

{yeree1}iZo 15

s.t.
v < Brisa,
e < fly) + arg,

re € R, rggiven

where R = [0, 7] is the sustainable-return interval (the deterministic case of the general definition).
Again, the dependence of w* on ¢ is just included in order to facilitate the connection with the
recursive formulation, although it is understood that rg is not a true given and is instead freely
chosen as the initial return on money is not affected by past history.

In the next proposition we characterize the recursive solution to the Bellman equation that w*
must satisfy. The proof of the proposition yields a partition of (0,1) into two intervals for 5. If
the discount factor belongs to the high interval, the first-best allocation is implementable. This
allocation does not depend on history and features a non-biding producer and return constraints
(the associated multipliers are 0). Otherwise, if the discount factor belongs to the complement, the
first-best allocation is not implementable. Here, both the producer and return constraints bind
but the optimal allocation is constant over time and does not depend on history. This formulation
illustrates that a binding return constraint is not a sufficient condition for a history-dependent

allocation.

Proposition 6 In the economy without shocks, the optimum is a constant allocation, and the

consumer constraint slacks.

Proof. Note that 7 is an increasing and continuous function of £, with # = 0 when 5 =0 and 7
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unbounded as 8 approaches 1. As a result, the intermediate value theorem implies that there exists

B* such that y* <7(p) for all § > B*(with equality only if g = 5*). Consider g sufficiently high so

—~

that y* < 7. Then, r* = ) - {E—ya =180 _ 7, which establishes that R* € (0, 7). Consider

11—« l—«

the sequence {y;, 7 };oy = {y*,7*}2y. The definition of r* ensures that the return constraint is

satisfied with equality by the above sequence (that is, 7* = f(y*)+ar*). To show that the sequence

satisfies the producer’s constraint for all ¢, consider the function h(y) = % - %, which is a strictly

concave function satisfying h(0) = h(y) = 0. Since 0 < y* < 7, it follows from the properties of

h that h(y*) = fl(f;) — y—g > 0. It follows that y* < 5% = Br*, which establishes that the

sequence {y*,r*};°, also satisfies the producer constraint (in addition to the return constraint).
Since z(y) < z(y*) for all y,it follows that w*(r) < z(y*)/(1 — ). Since the sequence {y*,r*};°,
achieves z(y*)/(1 — ) and is feasible, we conclude that w*(r) = z(y*)/(1 — B) for all r < r*. Now,
consider r > r*. Then, its easy to see that we cannot find a sequence of return levels {r;} such that
the sequence {y*,r:};2 is feasible with a starting return of r. Feasibility thus requires y; > y* for
some t, which implies that w*(r) < z(y*)/(1 — ).

Consider g sufficiently low so that y* > 3. Any feasible sequence should have y; < 7 for all t.
Otherwise, the date—t producer’s constraint implies r;+; > %/f =7 and our previous proposition
about maximum sustainable return implies that this is not feasible. Since z(y) is an increasing
function of y when y < y*, we conclude that w*(r) < w = 2(y)/(1 — ). Since w is attained by the
feasible sequence {7, 7};-, we conclude that w*(r) = @.

It remains to show that the consumer constraint slacks. By imposing stationarity to the Bellman
equations and defining individual values v;, which now do not vary with any aggregate state, it
follows that vy > 0 if and only if y < 5(v; — vg), and v; > 0 if and only if u(y) > B(v1 — vo). It is

straightforward to check that, in any optimum for the deterministic economy, the constant return
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is strictly positive and that vg > 0, so that v; > 0 and the consumer constraint slacks. m

Based on the previous proposition, we assume from now on that shocks are sufficiently small
so that the consumer constraint can be ignored. This is not to say that, even when the consumer
constraint binds, the methods here cannot be applied. As a matter of fact, we conjecture that price
stickiness is still robust in such a case, but the power that history-dependence has to weaken the
producer constraint should be smaller. We learn the following about intertemporal trade-offs for a

given initial return in R.

Proposition 7 (Dynamics) Let 8 be large enough so that y* < B7. Then, for allT € R such that

r > r* we have:

1. w*is strictly decreasing.

2. There are policy functions for output and return attaining the optimum which are strictly

increasing in r. Moreover, y > y*.

3. The policy function satisfies v' < r. Thus, for any ro € (r*,7) the sequences {rn+1,yn}

generated by the policy function converge to (r*,y*).

Proof. We prove the proposition in various steps.

Step 1. We first show that on a right neighborhood of 7*, the return constraint binds, the
producer constraint slacks, and w* is differentiable and strictly decreasing.

Proof of Step 1. Note that in the maximization defining w* the return constraint and the
producer constraint do not bind for all » < 7*. By Proposition 5, we know that, for all r < r*,
w*(r) is constant and (y*,r*) is an optimal choice of output and return in the maximization problem

defining w*. Moreover, by Proposition 5, we also know that the producer constraint slacks when
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r = r*. Now, consider the problem of choosing y optimally to maximize

o) = max{=(y) + fu ()}

y < prir<fly)+ar’.

The concavity of f implies that the maximization problem defining v involves the choice of y
belonging to a convex-valued set I',.. The concavity of z then implies that v is a concave function
of r. Notice that v(r) = w*(r) for all r < r*. When r > r* it follows that v(r) < w*(r) since
the maximization problem defining v corresponds to the maximization problem defining w*when
the choice of tomorrow’s return is fixed at 7* (and r* is a feasible choice in the maximization
problem of w* for r sufficiently close to r*). For r close to r*, the return constraint binds in the

maximization problem defining v, and the producer constraint slacks. Application of the envelope

and implicit function theorems gives v/(r) = 2/(y(r)) f~ "(y(r)) = Jf,,(g/y((rr)))) < 0, where y(r) gives
the optimal choice of output y given return r and the last equality uses the fact that f is a monotone
differentiable function. Note that y(r) > y*since the return constraint binds for r > * (y < y*
is not a feasible choice in the problem defining v), which implies that v'(r) < 0 according to the
formula above. We can then apply the Benveniste-Sheikman Theorem to conclude that w*(r) is

differentiable and that w*(r) = v/(r) = ;l’((glg/((g))) < 0 for r close to r*.

Step 2. w* is strictly decreasing and A(r) > 0 for all » > 7*, where A(r) represents the Lagrange
multiplier on the return constraint in the maximization problem defining w*(r).

Proof of Step 2. The weak concavity of w* together with the fact that w*is strictly decreasing
on the right of r* implies that w* is strictly decreasing for all » > r*. It also follows that, with
regards to the multiplier of the return constraint, A(r) > 0 for all r > r* (otherwise, w* would not
be strictly decreasing).

Step 3. Consider r > r*. Then the optimal policies (y(r),r'(r)) are increasing in r. Moreover,
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r'(r) <r.
In Step 1 we have shown that the value function is differentiable in a neighborhood of r*.
Moreover, concavity of w* implies that w* is differentiable almost everywhere. We can then take

first-order conditions to characterize the optimal choices of (y,r’) :

y © 2 —p+Af(y) =0,
o B (r) + pB + da =0,
W B —y>0(=0if p>0),

A fly+ar’—r>0(=0if A >0)

where 4 is a Lagrange multiplier associated with the producer’s constraint, A is the Lagrange
multiplier associated with the return constraint, and both multipliers are functions of r. In Step 2
we showed that A(r) > 0 for all » > r*. We divide the analysis into two cases depending on whether
the producer constraint binds or not.

Case 1: p(r) = 0. Then, the FOC can be combined to obtain (substituting away \) Bw*’(i(y)) =

«

oz;/,g)), or fw* (Tf(]; Wy = O‘Z:EZE Notice that the left-hand side is a decreasing function of y while
the right-hand side is an increasing function of y. Both expressions are negative. They define two
curves as a function of y. The intersection of the two curves defines the optimal policy y(7). Notice
that the first expression shifts up when r increases, implying that the intersection point and thus
y(r), shifts up with a change in 7. Since the value of Sw* (%ﬂ) shifts up with the increase in r

(becomes less negative), we also obtain that r' = %&ﬂm increases with r. Moreover, using the

FOC for ' we obtain

1 1

M) = alr) + (1= IA0) = (1= 3)A),

where we use w* (') = —A(r’) and the assumption p(r) = 0. It follows that A(r') < A(r) when
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w(r) = 0. We thus have w*(r') = =\(r') > —A(r) = w*(r), which by the concavity of w* implies

r <.

Case 2: p(r) > 0. Since the producer’s constraint binds, we know that y = 7. Since the return

constraint binds, we know that r’ = Tﬁg(y). Combining these expressions we obtain

r—fy) _y
B B’

which implies that y and »’ are increasing functions of r. To establish that 7/(r) < r, consider the
function g(r') = f(Br') + ar’, which is strictly positive, concave, and satisfies g(r) < r for all r € R
and with equality only when r = 7. Then, the inverse function of g is well defined and satisfies
r' =g (r) < rforall r < . Since g~! gives tomorrow’s return as a function of today’s return when
the producer’s constraint binds, we conclude that the level of return decreases for all r € int(R)
when the producer’s constraint binds (u(r) > 0)

The analysis of Case 1 and Case 2 tells us that the policy functions for output and return are
strictly increasing and that r/(r) < 7. As a result, the optimal policy function 7’ implies that the

sequence {r, = r'(r,—1)} converges to r* for any initial ry € (r*,7). m

4.2 Aggregate uncertainty

In this section, we show that when the economy features aggregate uncertainty, the planner may gain
from changes in the return on money so that optimal allocations may become history dependent.
The idea is that when the economy is hit by a high shock and the planner is facing a binding producer
constraint, the planner may want to increase the return on money. This is done by requesting in the
future more production in the states where the producer constraint is not binding (states with low
realization of the preference shocks). In this case, return will follow non-trivial dynamics: return
will increase in periods of high shocks and decrease in periods of low shocks. Even with aggregate
uncertainty, however, we need certain parameter restrictions to insure that the planner gains by

changing the return on money over time. Essentially, the planner wants to increase the return on
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money only in economies in which the discount factor is not too high. Moreover, the planner can

only promise to increase returns in economies in which the discount factor is not too low.

Proposition 8 Assume that yj; < Br*, where r* = 2= [mn fa(y}) + mfi(y;)). Then, the optimum

is the first-best allocation.

Proof. Note that y; < gr* iff y} < Bﬁ[whfh(y};) +mfi(y})] (using o = B(1 — )). The

Yh
e )+ fi(y)+(1— %))

last inequality is equivalent to 5 > 8% = where the denominator of the

last term can be written as 4 {m4[(1 — m)un(y;) +my;] + m[(1 — m)w(y}) +myfl} + (1 — %)y}
A sufficient condition for g* < 1 is thus (1 — m)w(y;) + my; > y;, which holds if shocks are
sufficiently small.

The proof follows by showing that when 1 > > (% the first best is attainable. Let r} =

fs(yX) + ar* for s, € {l,h}. Consider the sequence

(yf,rfre)if g =1
(y(st)aT’h(SHl),Tl(StH)) = L for all s* € S.

(yp,rf,rp)if se=h

The definition of 7} ensures that the sequence satisfies the return constraint for all histories. Since
Yy < Br* when 8 > 8%, the producer’s constraint is satisfied whenever the current realization of the
shock is high. Since y < y;, the producer constraint is satisfied whenever the current realization
of the shock is low. It follows that the return constraint is satisfied for all possible histories. We
thus conclude that the first best solution is attainable. m

Next, we consider local dynamics for the economy in the previous proposition. The interesting
(non-trivial) dynamics occur when rg > r} (otherwise, the economy converges immediately to the

first best).

Proposition 9 Assume y;; < Br*. Let (r)(s,r),7}(s,7)) and y(s,r) denote the optimal policy func-

tions for return and output. Consider an initial value of return v° and an initial realization of
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the shock s. Then, for 0 > r*, but in a neighborhood of %, the stochastic sequences defined by

the recursion (ri™t 7ty = (r1(s,77), 74 (s,77)) and y, = y(s,77) converge to (r},r) and yXwith

probability 1.

Proof. Consider r* and r} as defined in the statement and proof of the previous proposition.
When parameters are such that y/ < y; < fr*, the previous proposition implies that (r},7}) and
ys is an optimal policy. Under this policy, moreover, the producer constraint has some slack, and
the return constraint is satisfied with equality. As a result, if r0 is sufficiently close to r* we know
that under the optimal policy the producer constraint will be satisfied with slack, and the return

constraint will be binding. We can then write u(s,7%) = 0 and A(s,7?) > 0. From FOC we obtain

that the optimal values of return for the following period satisfy
A(lyr) = Mhyry) < Als,rd), (15)

where the first equality reveals that tomorrow’s return is selected to smooth the marginal burden of

returns across states of nature, and the inequality uses the fact that (s, %) = 0. Thus, the marginal

burden of return decreases from today to tomorrow, no matter the realization of tomorrow’s state.

Since A(s,r) gives the derivative of w(s,r), concavity of the value function implies that rl < 7.

If we denote by § the state that is not s, we know from the continuity of the policy function that

rl is close to r%. As a result, whether the next period’s state is s or 5, we know that the producer
1 1

constraint will not bind so that u(s,r;) = pu(8,r;) = 0. So, if the realization of the shock is s; in

period 1, FOC imply that the optimal choice of return satisfies
AL, r7) = A, 1) < A(s1,73,). (16)
Combining (15) and (16) we obtain
AL rE) = MR, i) < Al r)) = A(h,T})
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so that the concavity of w implies 7“12 < 7“11 and 7“,% < 7“,11. Note that this result does not depend on the
realization of s1. By induction we can then show that the sequence {r(s,r%), 7} (s,r?)} converges
to (r/,ry) and {y(s,ry)} converges to y;. m

In the next proposition, 7* and 7 are defined as above.

Proposition 10 There erists 5 such that the following holds: The values of r* and T satisfy

Yy < pr* <wyp < Br. Moreover, the optimum is history dependent.

Proof. We first note that for sufficiently low values of return, the return constraint does not
bind. As a result, there exists (77, 7}) such that ws is flat for all r < 7, and wy is strictly decreasing
for all 7 > 7.

Step 1. We show that when s = [ and r < 7, the optimal choice of output is y;".

We start considering economies that differ in 8. In particular, we note that r* is an increasing
function of 3 and that there exists a threshold value 5* for which g*r*(8*) > yy for all 8 > 3* (and
with equality when § = (%). We consider economies in which f is in a left neighborhood of g*.
When 5 = * output is at its first-best level and wy is flat for all » < r¥*. In this economy, moreover,
the producer constraint does not bind in the low state since y;" < 8*r*. By continuity, when £ is in
a left neighborhood of 5%, we have that 7 = m7;+ 7,7, is close to 7*(8%) so that y/ < 7, which
establishes that the producer constraint does not bind in the low state. Then, the first-best level
of output y; is a feasible choice when s =1 and r; < 7. We thus conclude that y(l,r) = y; for all
r <7

Step 2. We show that when s = [ and r > 7, output and new return are increasing functions
of r; and that (r}’,r}) converges to (7;,75,) when rq is in a right neighborhood of 7;

Since w; is strictly decreasing for r» > 7, we know that the return constraint binds for all

r > 7. Fix r) close to, but in the right of, 7;. Since the producer constraint does not bind on
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the right of 7, we can set pu(l,r)) = 0. Then, FOC promptly imply that output and new return
are increasing functions of r. Moreover, optimality conditions imply that A(l,r}) = A(h,r}) =
/ 1

—wj(r}) = —wj(r}) < M, r)) = —wj(r{). Concavity of w; then implies r] < r{ so that the

producer constraint does not bind when s = [ and r = r}. We can then write p;(I,7}) = 0 so

that FOC imply A(I,r?) = A(h,73) = —w)(r?) = —w}(r}) < Xl,r) = —w)(r}) = —w)(r}).
Concavity of ws implies that 72 < r} and r? < ri. By induction we can then show that the
sequence (r)"™1, 7ty = (r)(1,77), 7, (I,77") converges monotonically to (7},7},).

Step 3. We show that A(h,7,) = 0 and p(h,7y) > 0.

That A(h,7,) = 0 follows from the fact that the value function is flat on [0,7]. As a way
of finding a contradiction, assume that p(h,7,) = 0. Then, FOC w.r.t. y and r’ imply that
y(h,7n) = yi,r'(h,7,) = 7, and r'({,7,) = 7. This characterization of decisions when s = h
together with y(I,7;) = yf,7'(I,7) = 7, and 7'(I,7;) = 7, implies that the first-best allocation
is attained. But, this result contradicts the assumption that gr* < y;. We thus conclude that
w(h, ) > 0.

Step 4. We show that (r)(h,73),r},(h, 7)) > (71,7h).

Using p(h,7,) > 0 and A(h,7,) = 0 and the FOC we obtain
)\(l,?”{) = A(ha T;’L) > )‘(ha?h) =0,

which implies A({,r)) = A(h,7}) = —wj(r]) = —wj(r},) < Mh,7h) = —w},(Th) = —wj(77) = 0.

Concavity of w!, implies that r, > 7,. m

Proposition 11 There exists By so that, when B < [, the optimum is state dependent, with

constant output. Moreover, output equals yj only if B = 3.

Proof. Let g(r; 8) = 1~ ﬁ(l [thh(ﬁr) + w1 f1(Br)]. Notice that g is a strictly increasing and

concave function of r and has a positive fixed point 7 = g(7;5) > 0. It can be shown that the
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fixed point 7 gives the maximum sustainable expected return for an economy characterized by
(7 = m7 + w7y, where 75 = fs(y) + o). Since g(r, B) is an increasing function of 3, it follows that
T increases with (.1t is thus possible to find 5 such that y;" = 5,7(8,) and y; > B7(5) for B < S,.
It follows that any feasible allocation should satisfy y(s') < y% when 3 < B, which implies that

2L (y(s')) > 1 for all s'. As a result, in any feasible allocation the planner would be better off if

St
output could be increased in any node of the history tree. The optimal allocation is thus the one

that gives maximum (feasible) production in all nodes of the history tree. Since production cannot

be bigger than 57 (otherwise the producers constraint is violated), the optimal allocation is given

by (y(st),rn(s!*1),m(sttY)) = (BF, 7, 7) ,with y(s!) =y only if 8 = ;. m

5 Comments on monitoring and indivisibilities

As we have shown, our monetary model with low or high discount factors is consistent with a
constant sequence of promises. That feature no longer holds in an intermediate range of preferences
because of an envelope-theorem argument. While it is feasible to hold output at the first-best level
in one state, regardless of the history of past realizations, it is not wise to do so because small
increases in output have zero welfare costs on the margin, in that state, but a positive one in the
constrained state. Moreover, the impact on the return on money that such a perturbation produces
has a decaying effect over time due to discounting at rate 1— % In the next subsection we introduce
monitoring into the previous model and ask whether history-dependence is a natural implication

of the theory of the second best. We find that the answer to this question is “no”.

5.1 Introducing imperfect monitoring
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We now study an economic environment in which the envelope-theorem argument does not imply
history-dependence. In this environment, the lack of (ex-post) heterogeneity between agents implies
that the maximization of welfare and the provision of incentives are aligned. As a result, the
planner cannot alleviate participation constraints in binding states by increasing output above the
first-best level in states with non-binding constraints. We conclude that heterogeneity is needed for
history-dependence to improve welfare. Interestingly, we note that heterogeneity naturally arises
in environments in which money is essential.

We consider a gift-giving version of the model in [[3]]. In our example, the planner has an
imperfect monitoring technology in that he only knows whether an individual has cooperated in the
past or not. Individuals who defect from the recommended allocation in the present are effectively
removed from the economy (punished with autarky). Since their identity is known, others can be
instructed never to produce for them. Never producing for a defector is obviously incentive-feasible.

Because we consider a version of [[3]] in which all individuals are monitored, there is no role for
money. We introduce iid, aggregate preference shocks as in the monetary model that we discussed
above. Participation constraints are still important in this economy because individuals give gifts
in exchange for promises of receiving gifts in the future.

Due to the lack of individual states, the pair (s, vs), describing the shock realization, s, as well

as the contingent utility promised to a typical individual in that state, vs, can be used as a state
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variable for the planner problem. Then wg, the planner’s value function, must solve

ws(v) = maxzs(y) + Blmwi(vy) + whwn(vp,)] (17)
s.t.
y < B(mu+ mpvl),
v < z(y) + B(mv + mhop),

(vj,v;,) € Ry xRy

where the logic of the Bellman equation (10) has been followed. The set of sustainable promises
R, is an interval whose derivation we leave for the proposition below. The inequality on the return
constraint has been used without loss of generality. As before, the first constraint is the producer
constraint, while the consumer constraint has been ignored without loss of generality. It should be
noticed that the return variable is now v, which is not a difference in values as before, due to the new
form of the producer constraint. For the producer, the reward from cooperation —y+ g(mv;+m,v},),
while the reward from defection is zero, due to autarky. Since v is just a scalar, the dimensionality
of the problem is essentially the same as that of the monetary case. Moreover, for v in the ergodic
set defined by the optimal policy function, the return constraint holds with equality, so that the
identity ws(v) = v holds in this set.

Note that, as our next Proposition shows, there is an important difference between this credit
economy and the monetary economy analyzed before. In this credit economy the provision of
incentives and welfare are aligned. This follows from the fact that an increase in output increases
utility zs(y) and return repayment v by the same amount (see the Bellman equation (17)). Thus,
ys = ys should be used whenever feasible. An increase in output above y! reduces welfare and
the punishment to individuals that deviate. On the contrary, in the monetary economy, output

affects utility according to zs(y) and return repayment according to fs(y) (see Bellman equation
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(10)). This misalignment of welfare and producers’ incentives is driven by the heterogeneity among
agents in the monetary economy. An increase in the promised value of money affects differently
consumers and producers because they hold different amounts of money after trading. We show
now that, for some values of 3, the optimum in the credit economy is not history dependent, even

when the economy satisfies the envelope condition.

Proposition 12 The optimum of the credit economy with imperfect monitoring is state dependent.
There 1is, moreover, a range of 3 values such that the optimum has output y; at s =1, and output

lower than y; at s = h.

Proof. The proof demonstrates that the optimum can be described according to cut-off values
B* and B** as follows: (i) If 5 > B* then output at state s is y¥; (i) If 8 > B > ™ then output
at s = [ is y; while output at s = h is a constant lower than y;; (iii) If § < ** then output is
constant.

Part (i). We first solve the Bellman equation ignoring the return constraint and the participa-
tion constraint. In this case, the solution requires maximizing output period by period, which gives
ys = Y. The solution to the Bellman equation is then represented by two scalars, according to w} =
zs(y)+ ﬁ [mz1(y; ) +7nzn(yy)]. We now need to find conditions for which the participation and re-
turn constraints are satisfied. To this end, note that y; < y;: < 3 {zs (y2) + ﬁ [mizi(yf) + thh(y;’;)]}
implies that the producer constraint is satisfied for § sufficiently close to 1, a condition defining
B*. The return constrain is satisfied as long as vy < w}. Since higher levels of utility cannot be
achieved, the problem is only well defined for vy < w}.

Parts (ii) and (iii). We now solve the Bellman equation ignoring the return constraint and the

participation constraint of the low state. To this end, we guess that the solution has the form

y(h,v) = § < ypiy y(l,v) = v and wi(v) = z(ys) + 12g[ma(yy) + (mn)za(9)] and solve for §
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satisfying

(ma) + )]+ Bralan5) + 5 (me (o) + ()]

1
1-p 1
Note that if § > y/, then the producer constraint does not bind in the low state. Then, we can

compute w; and obtain the values of v for which the Bellman equation is well defined. If § < y;,

the producer constraint is not satisfied in the low state and we have a type-ii¢ solution. m

5.2 The role of indivisibilities

In our monetary economy, differently from the credit economy described in the previous subsec-
tion, there is a role for deviating output away from the first-best level in order to relax incentive
constraints. That deviation, moreover, should be updated along repetitions of the unconstrained
state in a history-dependent manner. We have applied the term enwvelope condition to describe a
property of state-dependent allocations featuring one state with binding constraints, and another
with slacking constraints. But, it is not difficult to imagine a weaker form of the envelope condition
in which all states have constraints binding with equality, although with different values for their
multipliers. That is, it is not difficult to imagine environments with state-dependent allocations
with states whose constraints bind more strongly than in others. In a sequel to this research we are
able to show that such a weaker condition appears in cash-in-advance models where the binding
constraint is precisely the cash-in-advance constraint. Based on that research we can assert that in-
divisibilities are not necessary to produce history-dependence. There are, however, comments that
should be made about the role of over-production in the random-matching model with 0-1 holdings
since elevating output above the first-best level in some state is not feasible in many models of
divisible money, including the cash-in-advance model.

History-dependence in cash-in-advance economies must be supported by reductions in output
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that have the property of increasing the return on money. In our findings, these effects require a
sufficient level of curvature in the utility functions. In the 0-1 random-matching model, by con-
trast, increases in the return on money can only be supported by increases in output. Indivisibilities
are important to the extent that they allow the planner to implement allocations with over pro-
duction. Since over production reduces the surplus of the pair in a bilateral meeting, there is a
straightforward way to remove this option from the planner. If instead of adopting our criteria
of implementability (one that only considers off-equlibrium paths associated with individual de-
fections) we allow individuals in a bilateral match to jointly deviate, then over-production is not
possible. One way that this joint deviation can take place is by individuals committing to trade
by means of lotteries, where randomization is taken over the probability that money is (or is not)
transferred to producers. In principle, this lottery allows the return on money to increase without
the need for over production. We think that the argument for the dominance of one equilibrium
concept over the other is debatable, and in the case of the use of lotteries, the assumption of com-
mitment to the randomization device is particularly strong. However, the discussion provided by
such an alternative does serve the purpose to illustrate that indivisibilities are indeed being used

by the planner to support over production..
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