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Please write clearly in the spaces below (or overleaf if necessary) and answerin proper sentences (rather than in some shorthand code that only you mayunderstand).Question 1: Summations (worth 5 points)Let the sample mean of a variable X be de�ned by�X � 1N NXi=1Xi;given a sample of N realizations of the variable.a) Can you re-write the following: NXi=1 �Xi;where � is a �xed parameter, as some function of the sample mean of X? Please set outyour reasoning clearly. (2 points)First, we can factor out the � from the summation, so thatNXi=1 �Xi = � NXi=1Xi:�Instructor: Robert McMillan, email: mcmillan@chass.utoronto.ca1



[You should make sure you can see why.] Further, given that�X � 1N NXi=1Xi;we can re-arrange this as NXi=1Xi = N �X:Substituting, we get the answer: NXi=1 �Xi = �N �X:b) Can you re-write the following: NXi=1 �(Xi + 
Yi);where � and 
 are �xed parameters, as some function of the sample means of X and of Y ?(Obviously, we have that �Y � 1N NXi=1 Yi:Please set out your reasoning carefully. (3 points)First, we can expand the expression, according to whichNXi=1 �(Xi + 
Yi) = NXi=1(�Xi + �
Yi):Next, we can break the summation into two (as it were), givingNXi=1(�Xi + �
Yi) = NXi=1 �Xi + NXi=1 �
Yi{ I hope everyone is happy with that.Then we can apply the same type of reasoning as in the solution to part a), factoring outthe constants, and replacing the summation signs. That is,NXi=1 �Xi + NXi=1 �
Yi = � NXi=1Xi + �
 NXi=1 Yi = �N �X + �
N �Y :So, in short, NXi=1 �(Xi + 
Yi) = �N �X + �
N �Y :(Actually, we can further factor the right hand side of the last line as �N( �X + 
 �Y ).)2



Question 2: `Noise' (worth 14 points)Suppose you have test score data on a sample of high school students. Let a student'sperformance on a test be given by the following very simple (purely random!) model:Si = �ui; (1)where Si is a student i's score, ui is a random error term that captures factors assumed toin
uence test scores in an unsystematic way, and � is a positive constant.Suppose that the random error term follows a discrete distribution, taking on three possiblevalues (irrespective of the student), given byui = 1 with probability = 0.25; ui = 2 with probability = 0.5; and ui = 3 with probability= 0.25.a) What is the mean (or `expected value') of the random error term ui, given the abovediscrete distribution? Please show your calculations. [Hint: start by writing down theexpression for the expected value of a discrete random variable.] (2 points)Generally speaking, the expected value of a discrete random variable X that takes on Jpossible values (x1; x2; :::; xJ) is given byE(X) = JXj=1xjP (X = xj) = JXj=1 xjpj:In this context, let us sharpen the notation to �t the case in hand. Thus we can writeui1 = 1 with probability (p1) = 0:25; ui2 = 2 with probability (p2) = 0:5; and ui3 = 3 withprobability (p3) = 0:25.Then we have E(ui) = 3Xj=1uijpj = 1� 0:25 + 2� 0:5 + 3� 0:25 = 2:(Note: this is unsurprising. The distribution is symmetric around 2, the mid-point.)b) What is the mean (or `expected value') of student i's score? Again, please show yourcalculations. (3 points)E(Si) = 3Xj=1�uijpj = �(1� 0:25 + 2� 0:5 + 3� 0:25) = 2�:[Aside: here, the key is that one can factor the � out. This follows simply from the linearnature of the expectations operator.]c) Write down an expression for the variance of student i's score. [Hint: again, start fromthe relevant formula, this time for the variance of a discrete random variable.] (3 points)Let us start with the general expression, tailored to this context:3



V ar(Si) = E((Si � E(Si))2) = JXj=1(�uij � 2�)2pjThus V ar(Si) = (�� 1� 2�)2 � 0:25 + (�� 2� 2�)2 � 0:5 + (�� 3� 2�)2 � 0:25:But we can re-write the latter as�2(1� 2)2 � 0:25 + �2(2� 2)2 � 0:5 + �2(3� 2)2 � 0:25 = �2(1� 0:25 + 1� 0:25) = �2=2:(Note: V ar(Si) = E((Si�E(Si))2) = E((�ui�E(�ui))2), the expected value of the squareddeviations from the mean. In turn, we can factor out the constant, which is now squared, togive �2E((ui � E(ui))2), but this is simply �2V ar(ui).d) Given your answer to part c), what would happen to the variance as � became morepositive? (2 points)It is straightforward to see from the previous expression that the variance would increase (inthe square of �).e) If the score were instead given by Si = 10 + �ui; (2)what would the expected value of the score be? Please explain, with reference to the relevantformula. [Hint: what is the expected value of a constant?] (4 points)Here, we just need to take the expected value of Si:E(Si) = E(10 + �ui) = E(10) + E(�ui) = 10 + �E(ui) = 10 + 2�:Thus, the expected score just shifts up by a constant of 10.Question 3: the Mechanics of Curve Fitting (worth 16 points)Suppose we are interested (as many researchers have been) in assessing whether schools thathave smaller classes produce better academic outcomes.To that end, you are given a sample of N students drawn from a variety of schools. For eachstudent i, you observe the student's class size (Ci) and a test score (Ti). Imagine you plottedthe sample data points on a graph, with class size, C, on the horizontal axis and test scores,T , on the vertical axis.Suppose the underlying (or `true') model is given byTi = � + �Ci + ui; (3)4



where ui is a random error with mean zero, and � and � are unknown parameters to beestimated.Suppose that researchers pick the slope parameters to minimize the least squares objective,given by S = NXi=1�ei(a; b)�2;where ei is the residual associated with observation i, given the line parameterized by (a; b),and there are N observations in total.a) What is the least squares formula for the intercept, aols? (2 points)[See class notes.]b) What is the least squares formula for the slope coe�cient, bols? Write down the relevantexpression accurately. (3 points)[See notes.]c) Derive the least squares intercept and slope estimators using calculus, showing the rele-vant steps. (11 points)[See notes. You will need this for the test, for sure.]
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