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1 Overview

This note introduces the topic of expressing hypotheses mathematically. At this stage, we
will start in a deterministic world – one without any randomness – given that it is cleaner
and simpler. When we shift to confronting hypotheses with data, we will need to move to a
stochastic world in which there is ‘noise’ (captured by random errors).

2 Hypotheses

Broadly speaking, we express ideas about the underlying mechanisms that shape the planet
– indeed, the universe (being quite general) – as hypotheses. For the parts of the world that
operate in a law-like way, this is a very fruitful thing to do. Later on, we will be interested,
as social scientists, in testing hypotheses about these underlying mechanisms.

In economics and elsewhere, hypotheses are usually of the form: if one factor X goes up, this
causes some other factor Y to go down (let us say). In an education context, for example,
people are interested in statements like, “If class sizes go down, so students will perform
better, on average.” (In due course, we will have occasion to consider even more intriguing
hypotheses.)

2.1 The Education Production Function

Hypotheses can be expressed mathematically as functional relations, of the form Y = f(X)
where X, Y ∈ R. These map one set of variables into others – very useful for the purposes of
capturing causal relations. In this course, the functional relation we will be most interested in
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is the education production function, relating educational inputs (potentially a host of these)
to education outcomes, or outputs. It is fair to say that this is a complex relation, and one
that is only imperfectly understood: hence the value in studying it further.

Generally, we will write the relation between student performance and relevant inputs as
T = f(C,X), where T is a performance measure like a test score, C captures class size, and
X is a potentially long list of other factors. In this context, the usual class size hypothesis
would amount to saying ∂T

∂C
< 0, conditioning on the other factors (or holding them fixed).

From calculus, we know that curves can be approximated (locally) by straight lines. In the
simplest of terms, suppose we wrote the underlying model, expressing causal relations, using
a simple linear form:

T = α + βC, (1)

in which there are no other factors operating. Then the typical class size hypothesis can be
stated as dT

dC
= β < 0. The rival hypothesis is that β = 0 – in other words, reducing class size

has no effect, and particularly, no positive effect.

We can consider more elaborate hypotheses. Consider the statement (taken from a fortune
cookie) that “Wise men learn more from wise men than fools do.” We can view this, if we are
so minded, as stating a hypothesis about the nature of education production. On that note, let
us translate this statement into more neutral language appropriate for this course, as follows:
“High-ability students learn more from high-quality teachers than low-ability students do.”

Actually, I want to consider two variants of this statement, each yielding a slightly different
hypothesis – converting words into formal hypotheses is our main goal here.

Variant 1: “High-ability students learn more from high-quality teachers than low-ability
students do.”

Variant 2: “High-ability students learn more from high-quality teachers (relative to low-
quality teachers) than low-ability students do.”

This second variant is slightly more complex and amounts to a statement, technically-speaking,
about the complementarity between two inputs: student ability (A) and teacher quality (Q)
in the production of student learning (L).1 Intuitively, if two inputs are complementary, then
they ‘go together well’ in producing outputs – they ‘complement’ each other, leading to an
extra boost to output once they are combined. Mathematically, in the case where ability
and teacher quality are continuous variables, A and Q are complements if (and only if) the
expression ∂2L

∂Q∂A
> 0.

Can you see how the mathematical condition, still focusing on Variant 2, tracks the intuitive
notion? Let’s explore that thought next. I assert that one form of the education production
function that could express such input complementarity (noting that there are a host of others)

1Think of learning as the gain over time in test scores. Education is cumulative, after all (though knowledge
can depreciate also, as we may find at the end of a good long holiday).
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would be the following linear expression:2

L = α0 + α1A+ α2Q+ α3A×Q. (2)

Let’s compute the relevant cross-partial derivative, as per the mathematical condition. First,
calculating

∂L

∂Q
= α2 + α3A, (3)

this says that, if we improve teacher quality, then doing so has a positive effect on scores that
is made up of two components: α2 (shared by all), and α3 (an extra component that applies
more as ability increases, assuming α3 > 0).

Let’s now see the impact on the gain from increasing Q as A rises. This is given by the further
partial derivative:

∂

∂A

(∂L
∂Q

)
= α3. (4)

So in this linear case, the fortune cookie hypothesis Variant 2 translates into the simple
statement that α3 > 0, where this quantity is the extra boost from better teachers (linearly,
in this simple example) that higher ability students enjoy.

In practice, I don’t think we know for sure whether education production functions exhibit
this type of complementarity, or if they do, how strong such effects are – in the context of
the simple function, how large α3 is. This is actually something worth examining, not least
because it might guide policy.

2.2 An Example (and Quiz Questions)

Let’s specialize to a simpler, discrete world, in order to convey the essence of the matter. In
particular, let ability take on two values: A ∈ {AL, AH}, and the same for teacher quality:
Q ∈ {QL, QH}. In words, there are just low- and high-ability students and low- and high-
quality teachers. This means that there are four possible learning outcomes, depending on
whether low- or high-ability students are matched with low- or high-quality teachers, namely:

• L(AL, QL)

• L(AH , QL)

• L(AL, QH)

• L(AH , QH).

At this stage, let us specialize even further, letting AL = 0, AH = 1, QL = 0, and QH = 1. We
do this by design: changing student ability or teacher quality involves an increment of one,
in each case. If we take equation (2) as a basis and substitute, we can compute the implied
amounts learned in each of the four types of student-teacher configurations:

2We are actually introducing a non-linearity via the interaction term at the end.
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• L(AL, QL) = α0

• L(AH , QL) = α0 + α1

• L(AL, QH) = α0 + α2

• L(AH , QH) = α0 + α1 + α2 + α3.

Continuing this example, some quick questions:

Quiz Question: How would we write Variant 1 above as a formal hypothesis in this linear
case? (Hint: We should fix teacher quality at a high level for both low- and high-ability
students, and then see if high-ability students learn more.)

Other Questions:

1. Suppose we were to first consider the gain to low-ability types from improving teacher
quality? What would this be?

2. Next, what would the gains to high ability types from increased teacher quality be?

3. Finally, what is the relative gain, comparing high versus low types, from improved
teacher quality?

For each of the above, write your answer in terms of the general parameter values.

Graphical question: Suppose we specify values for the production function parameters as
follows: α0 = 1, α1 = 2, α2 = 1 and α3 = 1/2. In this discrete case, the amount learned in
each configuration is just a specific positive number, and these can be graphed in the ‘x− y’
plane, giving vertical lines (in the z-direction) of different heights – in this specific context,
in the A−Q plane, with L on the vertical axis. Plot the amount learned for each of the four
learning configurations in this case.

Aside: In this type of instance, we can learn whether there is complementarity and how strong
it is from the overall heights. (This will be relevant for the in-class quiz.)

Policy Quiz Question: If student ability-teacher quality complementarities are positive and
strong, how should this guide the assignment of teachers to students if our objective was to
maximize the sum of learning taking place across all students? [Hint: assume there are equal
numbers of each ability level of student and equal numbers of each quality level of teacher.
You should be explicit about any optimal class size assumptions you make.]

2.3 Differences-in-differences

To be covered next lecture ...
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