
Questions on ‘Noise’ and Related Applications (worth 34 points)

Question 1 (worth 6 points)

Suppose you were to gather test score data on high school students over time. We will abstract
from all other systematic influences on student performance to focus on the impact of ability. Thus
let student performance on a test be given by the following very simple model:

Sit = αAi + (1− α)uit, (1)

where Sit is a student i’s score at time t, Ai is student i’s ability, assumed to be unchanging, and
uit is a random error term that captures factors assumed to influence test scores in an unsystematic
way.

Note that, according to (1), a student’s score at a given time (that is, on the test administered
at time t) is made up of a systematic part, given by unchanging ability, and a random ‘noise’
term. Assume that this error term is identically distributed – that means, drawn from the same
distribution – across all students, with mean zero and variance σ2. Further, the two components –
systematic and unsystematic – are weighted according to parameter α ∈ [0, 1]. So if α = 1, then
the score is not random at all.

a) What is the expected value of Sit, written E(Sit)? (1 point)

b) What is the variance of Sit, written V ar(Sit)? (2 points)

c) Setting tests is costly. Suppose just one test is set. Is setting a single test better than not
doing so if the school wants to learn about students’ underlying ability (assuming there are many
students with varying ability, whose underlying ability is unknown)? That is, will a single test help
the school estimate student ability? Please explain. [Hint: your answer should make reference to
the value that α takes on.] (3 points)

Question 2 (worth 16 points)

Following on from Question 1, let student performance on a test be given by the following very
simple model:

Tij = Ai + uij , (2)

where Tij is a student i’s score on test j, Ai is student i’s ability, assumed to be unchanging and
not observed, and uit is a random error term with mean zero and variance σ2. (Note that the
education production technology is very slightly different from that in Question 1.)

a) Suppose students each take two tests at the school, and that all tests are equally difficult.
Further, assume the randomness affecting test performance is the same, both across students and
for a given student over time (usually stated as the assumption that the random error term is ‘iid’
– that is, ‘identically and independently distributed,’ drawn from a particular distribution). As
before, assume it has mean zero and constant variance, given by σ2.

What is the variance of the sum of the two test scores for a given student? (4 points)
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b) Building on your answer to part b), suppose now that each student took N tests, and the school
computed the average score for each student across these N tests, denoted T̄i. What would the
variance of the per-student average score be? (5 points)

c) Now suppose, building on your answer to part b), that the number of tests tended to infinity.
What would the variance of the per-student average score tend to? And what would this imply
about the limit of the estimate of the per-student average score? (4 points)

d) To summarize, if very many tests could be set, how could one learn about underlying student
ability? Please explain, intuitively. [Two sentences.] (3 points)

Question 3 (worth 15 points)

Suppose a school runs an annual entrance examination. On this occasion, there are just two
candidate students, labeled students 1 and 2, competing for a single place at the school.

Let student performance on the test be given by the following model:

Ti = Ai + ui, (3)

where Ti is a student i’s test score, Ai is student i’s ability, assumed to be unchanging and un-
observed by the school, and ui is a random error term that captures random factors assumed to
influence test scores. Specifically, let student 1 have ability A1 = 8.1 and student 2 have ability
A2 = 10, and assume the random error is distributed uniformly on the interval [−1, 1], so we can
write ui ∼ U(−1, 1) for i ∈ {1, 2}.

a) Given just one test is being set, what potential problem may arise in this context if the school’s
objective is to assign scarce places to the highest ability students? Please explain clearly. [Three
sentences.] (5 points)

b) Suppose the school set a more accurate test, with ui being drawn from a uniform distribution
with a lower variance – specifically ui ∼ U(−x, x) for all i, where x < 1. Would the issue in part
a) still arise? Please explain precisely with reference to the features of this alternative distribution.
[Two sentences.] (3 points)

c) In contrast to a competitive entrance examination, suppose the school introduces an entry
threshold given by a test score equal to or exceeding 9. Assuming ui ∼ U(−1, 1) for i ∈ {1, 2},
what is the probability that each student will pass the test? Please show your calculations. (4
points)

d) Building on part c), now assume a more accurate test is given, with ui ∼ U(−1/2, 1/2) for
i ∈ {1, 2}. Now what is the probability that each student will pass the test? Please show your
calculations. (4 points)
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Bonus question (this actually provides a hint regarding Question 3 part a))

a) Going back to the original case, where ui ∼ U(−1, 1) for i ∈ {1, 2}, what is the probability
that student 1 earns a higher score than student 2 on a single test? Please show your calculations.
[Hint: having made the distributional assumption, this probability is something we can work out,
given the structure of the model.]

b) What is the probability that student 1 scores higher than student 2 on both tests?

c) Generalizing slightly, what is the probability that student 1 gets the higher score on at least one
test?
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