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Preamble

This year (and in future), the policy in this course is: No Calculators.

This is for two constructive reasons:

First, our brains are amazing. Let us not have part of them shut down, through neglect
or complete non-use. This is not saying calculators are not very useful, but let’s take the
opportunity to preserve (and ideally further develop) our mathematical facilities here.

Second, intelligent, educated people are lucky in that they can access some wonderful appa-
ratus from the world of mathematics – theorems, no less – that permit very decent approx-
imations to be made when faced with seemingly daunting calculations. So, fortunately, we
need calculators less than would be the case if we were in a state of ignorance.

Let me generalize the second point: a university can be viewed as a special place where we
get to invest and learn1 plenty of things. In doing so, we should endeavour to learn the basics
as well as we can – namely how to write and how to do mathematics – given that those basic
skills are incredibly valuable. ECO336 is a designated Writing Course, which should help
take care of the former. The latter – learning to do mathematics – is easy to neglect, not
least because calculators are so handy and software (like Mathematica) is so powerful and
easy to use. We should resist that temptation, however. In economics, most of the material
can be expressed very clearly in mathematical terms, so if we want a thorough grasp of much
of the content of economics, we need to understand the relevant mathematics (noting that
all mathematics is just an application of logic or clear thinking). More generally, as people

∗Note by Robert McMillan c©, email: mcmillan@chass.utoronto.ca
1I’m telling you, it gets a lot harder to find the time to learn once you end up in a ‘real’ job.
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who are eager to learn, let it be our business while in a university to make some of that
incredible mathematical machinery part of what we own, intellectually-speaking.

So, to that business, starting with

A Question:

Let v = (1 + 1/100)n where n is the (integer) number of periods – say, years. If n = 50, is
v > 1.35? (This was on the term test.)

A Concise Answer:

Suppose there is no growth compounding. Instead, we simply add an extra one percent of
the initial amount (which we can take to be 1 unit) each year. After 50 years, we will then
have the initial amount plus 50 percent extra, or 1.5 in total. This has to understate the
true amount v, as we are ignoring compounding, which would yield an extra return. But
based on this reasoning, we can say for sure that v > 1.5 > 1.35.

A More Formal Answer:

Most people cannot compute (1.01)50 in their heads – no shame in that. But suppose we
know the Binomial Theorem, and understand how to make approximations based on that
theorem (as we will shortly). Then we can write down the following, in essentially one line:

(1 + 1/100)50 =
∑50

r=0
50Cr(1/100)r ' 1 + 50/100 + R = 1.5 + R, where R consists of extra

terms, all positive.

Then we have our answer right there: yes, v > 1.5 > 1.35.

[In fact, if we add just the third term in the series expansion (presented below), we quite
quickly obtain

(1 + 1/100)50 =
∑50

r=0
50Cr(1/100)r

' 1 + 50/100 + (50×49)
2

(1/100)2 + R1 = 1.5 + 1225/10000 + R1 = 1.6225 + R1,

where R1 consists of extra terms, all positive. So, we can say the true answer exceeds 1.6225,
based on the sum of three terms that are quite easy to compute, which already gets us within
0.03 of the correct answer: 1.644631822.]
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1 Two Useful Pieces of Apparatus

1.1 The Binomial Theorem

Let n be any positive integer (or whole number). The Binomial Theorem states that:

(1 + x)n =
n∑

r=0

nCrx
r, (1)

where nCr ≡ n!
(n−r)!r! .

In other words, (1 +x)n can be expanded to give a series of n+ 1 terms, which are expressed
compactly on the right-hand side of (1). Writing the RHS out, we have

(1 + x)n = 1 + nx + n(n−1)
2

x2 + n(n−1)(n−2)
(3)(2)

x3 + ... + n!
(n−j)!j!x

j + ... + xn.

Example 1: What is (1 + x)2?

Applying the formula for the case where n = 2 directly, we get (1 + x)2 =
∑2

r=0
2Crx

r =
2C0x

0 + 2C1x
1 + 2C2x

2 = 1× x0 + 2× x + 1× x2 = 1 + 2x + x2.

Check : Just by expanding, we know (1 + x)2 = (1 + x)(1 + x) = 1 + 2x + x2.

Example 2: What is (1 + x)4?

Applying the formula for the case where n = 4 directly, and making the relevant substitu-
tions, we get

(1 + x)4 = 1 + 4x + ((4× 3)/2)x2 + 4x3 + x4 = 1 + 4x + 6x2 + 4x3 + x4.

Check : Just by expanding gives (1 + x)4 = (1 + x)(1 + x)(1 + x)(1 + x). This gives the sum
of 5 separate x-terms, in ascending powers (x0, x1, x2, x3, x4), the coefficients of which are
given by the fourth row of Pascal’s Triangle (1, 4, 6, 4, 1), yielding 1 + 4x + 6x2 + 4x3 + x4.
This agrees with the Binomial formula (1) for n = 4.

Note that in the above two examples, there is no approximation involved: what appears on
the RHS (using the Binomial Expansion formula) is exactly equal to what appears on the
LHS of (1). We will turn to approximations shortly.

Proof of the Binominal Theorem: Building on the examples just given, the general
proof is straightforward.

First, note that expanding (1 + x)n creates n + 1 terms, which are ascending powers of x,
namely (x0, x1, x2, ..., xn), so n + 1 terms in total.

3



Next, consider what the coefficient should be on the j-th term, xj. To answer this, we have
to establish how many ways there are of picking j x’s from a total of n brackets. There are
n ways of picking the first, then n− 1 ways of picking the second, n− 2 ways of picking the
third, and so on, down to the j-th term, which there are (n− j + 1) ways of picking. We can
write this as compactly as n!

(n−j)! . Further, the internal order does not matter, so we should

divide by j! to avoid over-counting. In sum, the coefficient on the j-th term is n!
(n−j)!j! , which

we denote nCj as in the binomial expansion formula (1). The same logic applies to each of
the n + 1 terms, which completes the argument.

Approximations using the Binomial Theorem

It is clear that for x close to zero and large n, raising x to high powers results in terms in
the binomial formula (1) that become so small, they can effectively be ignored. For example,
(1/100)50 is a very small number indeed.

Let us re-consider the Question posed above.

v = (1 + 1/100)50 =
∑50

r=0
50Cr(1/100)r

' 1 + 50/100 + (50×49)
2

(1/100)2 + (50×49×48)
3×2 (1/100)3 + (50×49×48×47)

4×3×2 (1/100)4 + ...

= 1 + 50
100

+ 1225
10000

+ 19600
1000000

+ 690900
100000000

+ ...

= 1 + 0.5 + 0.1225 + 0.0196 + 0.006909 + ...

From this last line, you can see that by the fifth term, we are adding a very small number
indeed, and subsequent numbers get even smaller. So while we could compute them and add
them in, doing so would make virtually no difference to the overall sum.

We can use this feature to our advantage by approximating the top line – the exact answer
– using the first few terms on the bottom line, as in ‘A More Formal Answer’ above.

Quiz Question

What is lim(n→∞)(1 + 1
n
)n?

(See Quiz Answer posted at the end.)
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2 Taylor Series Expansions

Under certain conditions,2 it is possible to write a smooth function of x – call it f(x) – as
the infinite sum of ascending powers of x evaluated at a certain point. (Whoever originally
had this insight, it is an amazing one.) This re-writing is referred to as carrying out a Taylor
series expansion, explained below; and it proves very useful when one wishes to approximate
a given function at a particular value a, as we do.

Let us start with the function f(x) and write it as a series of ascending powers of (x − a),
where a is some constant, as follows:

f(x) = a0 + a1(x− a) + a2(x− a)2 + a3(x− a)3 + a4(x− a)4 + a5(x− a)5 + ... (2)

It turns out that we can solve for all the coefficients {ai}ni=1 in (2). The method is clever, so
let’s go over it quickly:

First, note that if we set x = a in (2), then f(x = a) or just f(a) = a0.

Next, take the first derivative of (2) with respect to x. This yields

f ′(x) = a1 + 2a2(x− a) + 3a3(x− a)2 + 4a4(x− a)3 + 5a5(x− a)4 + ... (3)

You see the pattern: the j-th term is jaj(x−a)j. If we evaluate this first derivative at x = a,
then we just get f ′(x = a) = f ′(a) = a1.

Next, take the second derivative of (2) with respect to x, or equivalently, the first derivative
of (3). This yields

f ′′(x) = 2a2 + 3× 2a3(x− a) + 4× 3a4(x− a)2 + 5× 4a5(x− a)3 + ... (4)

(Again, you see the pattern.) If we evaluate this second derivative at x = a, then we get
f ′′(x = a) = 2a2. We can keep going, pretty much indefinitely... Let’s just do two more:

Taking the third derivative of (2) with respect to x, which we will write f (3)(x), we get

f (3)(x) = 3× 2a3 + 4× 3× 2a4(x− a) + 5× 4× 3a5(x− a)2 + ... (5)

If we evaluate this third derivative at x = a, then we get f (3)(x = a) = 3× 2a3.

Taking the fourth derivative of (2) with respect to x, we get

f (4)(x) = 4× 3× 2a4 + 5× 4× 3× 2a5(x− a) + ... (6)

2relating to whether a power series converges...
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If we evaluate this fourth derivative at x = a, then we get f (4)(x = a) = 4 × 3 × 2a4. This
starts to get cumbersome: we can profitably use the factorial notation instead. This gives
f (4)(x = a) = 4!a4, where 4! = 4× 3× 2× 1.

In general, if we evaluate the j-th derivative, written f (j)(.), at x = a, then we get f (j)(a) =
j!aj. (Clearly, this applies to j = 2 and j = 1 and even j = 0 if we define 0! = 1, as is
standard.)

Now, it should be apparent that we can use the above to solve for all of the coefficients
{ai}ni=1 in (2), as promised. Being general, take the j-th term, f (j)(a) = j!aj. Rearranging,
we get aj = f (j)(a)/j!.

Thus, we can re-write (2), making a host of relevant substitutions, as:

f(x) = f(a)+f (1)(a)(x−a)+
f (2)(a)

2!
(x−a)2+

f (3)(a)

3!
(x−a)3+

f (4)(a)

4!
(x−a)4+

f (5)(a)

5!
(x−a)5+...

(7)

The right-hand side of (7) is what is known as the Taylor series expansion of the left-hand
side. We can write this compactly as

f(x) =
∞∑
j=0

f (j)(a)

j!
(x− a)j, (8)

where the series on the right-hand side is called the Taylor series for f at a.

A special case, which we will employ in what follows, is found when a = 0. (Think of this
as being useful when x is close to zero.)

f(x) = f(0) + f (1)(0)(x) +
f (2)(0)

2!
(x)2 +

f (3)(0)

3!
(x)3 +

f (4)(0)

4!
(x)4 +

f (5)(0)

5!
(x)5 + ...(9)

This is known as Maclaurin’s series. Applying the formula, we can work out series expan-
sions of ex and ln(1 + x), and a host of other continuous functions. (The function, ln(.) is
the inverse of the exponential function, e(.).)

Take, for instance, f(x) = ex. The interesting fact about this function is that the first
derivative f ′(x) = ex. The same is true if we keep taking derivatives: the answer remains
the same, at ex. Further, if we evaluate ex at x = 0, then ex=0 = 1. This allows us to write
the Maclaurin series expansion of ex as

ex = 1 + x +
x2

2!
+

x3

3!
+

x4

4!
+

x5

5!
+ ... +

xj

j!
+ ... (10)
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Consider a special case of (10), where x = 1:

e(x=1) = e1 = e = 1 + 1 +
1

2!
+

1

3!
+

1

4!
+

1

5!
+ ... +

1

j!
+ ... =

∞∑
j=0

1

j!
(11)

e, or Euler’s number (approximately equal to 2.718), is a very important number in math-
ematics, physics, statistics, economics etc. It’s nothing short of amazing that such a tidy
formula can capture it (the RHS of (11)) – no?3

Approximations using Taylor Series Expansions

Taylor series expansions allow us to approximate smooth functions using just a couple (or
three) terms drawn from the Taylor series for f , rather than an infinite number of terms.

Suppose we wish to approximate v = (1.01)50 – for instance, to establish whether or not it is
greater than 1.6. It turns out we can do so using Maclaurin’s series, after a few preliminaries.

First, note that 1.01 ≡ eln(1.01). That is actually definitional, given the definition of the ln(.)
operator. Specifically, the ln(.) operator means the following: ‘ln(x) is that power which the
number e would have to be raised in order to return a value of x. Thus, x ≡ eln(x), always
and everywhere.

Second, ln(1.01) ' 0.01. That comes from applying a Maclaurin’s series expansion of
ln(1.01). In general, one can show that

ln(1 + x) = x− x2/2 + x3/3− x4/4 + ... for −1 < x ≤ 1.

So here, we have

ln(1 + 0.01) = 1/100− 1/0.0002 + 1/0.000003− 1/0.00000004 + ...

which we can see is fractionally less than 0.01, and greater than 0.99. (It’s actually around
0.995.)

Third, ey = 1+y+y2/2!+y3/3!+y4/4!+ ... for all y, also via a Maclaurin’s series expansion
(as shown above).

Here, y = 50ln(0.01) ' 0.5. Let’s be conservative and construct a number we know to be
too small (for reasons you will see): we know that ln(1 + 0.01) > 0.99 > 0.9, based on the
above expansion of ln(1 + 0.01). (I’m trying to get something that I can work out easily in
my head.) So y = 50ln(0.01) > 50(0.9) = 0.45.

So ey > e0.45 = 1 + 0.45 + (0.45)2/2 + ..., given that e(.) is an increasing function for
arguments greater than 0. Now (0.45)2 > (0.4)2 = 0.16, given that the ‘squared’ function is

3As an aside, Leonhard Euler was one of the towering geniuses of mathematics. Look him up and you’ll
get a flavour for his unstoppable force.
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also increasing in its argument.

Therefore, ey > e0.45 > 1 + 0.45 + 0.16 = 1.61 > 1.35. This is the result we want.

Quiz Answer

The interesting question is: What is lim(n→∞)(1 + 1
n
)n?

Drawing on the Binomial Theorem, we can use a binomial expansion, based on the formula
on the RHS of (1) above. First, let us consider general n. Then we will consider taking the
limit as n tends to infinity.

(1 + 1
n
)n =

∑n
r=0

nCr(
1
n
)n = 1 + n 1

n
+ n(n−1)

2
1
n2 + n(n−1)(n−2)

(3)(2)
1
n3 + ... + n!

(n−j)!j!
1
nj + ... + 1

nn

= 1 + 1 + n(n−1)
(n)(n)

1
2

+ n(n−1)(n−2)
(n)(n)(n)

1
(3)(2)

+ n(n−1)(n−2)(n−3)
(n)(n)(n)(n)

1
(4)(3)(2)

+ n(n−1)(n−2)(n−3)(n−4)
(n)(n)(n)(n)(n)

1
(5)(4)(3)(2)

+

... + 1
nn

= 1
0!

+ 1
1!

+ n(n−1)
(n)(n)

1
2!

+ n(n−1)(n−2)
(n)(n)(n)

1
3!

+ n(n−1)(n−2)(n−3)
(n)(n)(n)(n)

1
4!

+ n(n−1)(n−2)(n−3)(n−4)
(n)(n)(n)(n)(n)

1
5!

+ ... + 1
nn .

Now, if we take the limit as n tends to infinity, terms like n(n−1)
(n)(n)

will tend to 1 and the very
last term will tend to zero. Therefore, we have

lim(n→∞)(1 + 1
n
)n = 1 + 1 + 1

2!
+ 1

3!
+ 1

4!
+ 1

5!
+ ... + 1

j!
+ ... =

∑∞
j=0

1
j!
.

This latter expression bears more than a passing resemblance to (11). This gives us the
answer: in the limit, the expression is equal to e = 2.718... This gives us another way of
defining e.
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