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MWG 3.C.3
Say that for> on X, upper and lower contour sets are closed. Consider (x;,y;)>, with x; > y; for
alli, x; = x,y; = y, x # y. Show that x = y

(By contradiction) Suppose y >~ x. If we can find g € X with y > g > x, then the problem is easy.
If X = Rl and > is monotone we can always find such a g (in fact, you should be able to construct
such a q).

Let U7 = {z € X|z > q} and L7 = {z € X|q > z}. By hypothesis both sets are open (why?).
Since y >~ q, we have y € U". Since U7 open there exists € > 0 such that B.(y) C U". Since y; — y
there exists N such that for all j > N, y; € B¢(y) which implies that, forallj > N, y; > g. A similar
argument establishes that for some N, for all j > N’, ¢ > x;. Thus, for j > max{N,N’} we have
yi = q > x; and we contradict our hypothesis that x; > y; for all i.

Now suppose that there is no g € X such that y > g > x (this is going to require that X is
discrete, or something similar). This is a little bit more complicated. We have two cases.

First, suppose that for some N, y; = y and x = x; for alli > N. Then, since y > x, we arrive at a
contradiction immediately.

Second, if we are not in the first case, then we can construct a subsequence (x}) of (x;) which re-
stricts attention to x; > x, and, since the original sequence converges to x, so does the subsequence
(there is a theorem here, you might try to prove it). Thus, we have constructed a sequence of
consumption bundles converging to x such that all elements of the sequence satisfy x; >~ x. But,
by hypothesis, there is no element g of X with y > g > x. This means that all elements in our
sequence must satisfy x; = y, or that that they are in the upper contour set of y. By hypothesis, this
set is closed. However, we have just demonstrated that x is a limit point of this set and not in the
set, a contradiction.

Comment: Obviously, the result that one definition of continuity implies the other is unlikely
to change your life. What is important here is that you learn all of the definitions: closed, open,
convergent, and how to work with them.
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