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1 Introduction

The market is the place set apart where men may deceive one another.

Anacharsis, 600 B.C.

Consumer fraud is a common occurance. The National Institute of Justice sponsored a November
1991 survey of a random sample of 1,246 consumers aged 18 and subsequently!. This survey found
that 15% of participants had been the victim of a successful personal fraud? in the 12 months
prior to the interview and 13% of them reported suffering direct monetary injury. The Federal
Trade Commission (FTC) commissioned a 2003 survey of 2,500 randomly chosen adults about their
consumer experiences during the previous year by targeting specific types of fraud®. The results
suggest that 25 million of adult Americans (around 11.2% of adult population) were victims of one
or more of the fraud actions covered by the survey?. Consumer fraud is also common outside the
United States®.

Our theoretical development is motivated by this evidence. The major objective of this paper
is to determine the role played by the accuracy of consumers’ private information and the effect of

competition on the equilibrium levels of honesty and incidence of fraud.

The results of this survey have been published in Titus, Heinzelmann and Boyle (1995).
2The survey asked about ”local” fraud problems, such as problems with automobile or appliance repairs and with

home repairs and improvements.
3The most frequently reported types of consumer fraud were: telephone slamming, advance fee loan scams, being

billed for some membership without having agreed for it, credit card insurance and credit repair.
“The American Association of Retired Persons (AARP) conducted a survey in December of 1998 involving inter-

views with 1,504 adults over the age of 18. Three quarters of those in the study reported that they had at least one
bad experience when buying a product or service in the year preceding the interview. Further, 17% answered that

they were the subject of a major consumer fraud.
50On May 9th, 2006, Spain’s Public Prosecutor accused Afinsa, Bienes Tangibles S.A., the world’s largest stamp

dealer, of operating the biggest scam in Spanish history. For years, the company invited investors in many Spanish
cities and towns to buy antique stamps that were completely overvalued if not forged and then paid them interest
that did not come from appreciation in stamp value as promised but rather from money chipped in by new customers.

Almost 1% of the Spanish population had entrusted their savings to the stamp company.



To address these questions, we introduce a simple price-quality signaling model of an experience
good with private information on both sides of the market. A seller has a good whose quality is
exogenously either high or low. We assume that quality realizations are distributed independently
and identically across time. This description typically fits a market for an experience good whose
quality is subject to some stochastic process, being examples, products which are generated by
R&D, second-hand objects, crops, or even a fish. The seller knows the quality of his® good and he
demands one of the two exogenous prices p;, and py > pr, for his good. A consumer observes the
price demanded and a noisy binary signal of quality and chooses whether to purchase the good. We
assume that the consumer is not willing to pay the high price for a low quality product.

We analyze a static monopolistic setting first and introduce competition in a dynamic setting
subsequently. A key feature of the model is that competition exists only on the sellers’ side of the
market. Furthermore, trade in the current period guarantees any seller the visit of a customer in
the following period. If trade does not take place, the seller’s commercial relations with the buyer
cease and a random matching technology is used to describe the meeting between the customer and
any of the unemployed sellers in the following period. We do not consider reputation concerns and
leave their introduction for future research.

In this context, the informational asymmetries create obvious incentives for opportunistic be-
havior by the sellers: a seller with a low quality good could swindle the buyer by charging the high
price.

In the first part of the paper, we are concern about the effect of the accuracy of the buyer’s
private information on consumer fraud. It seems intuitive to conjecture that an increase in the
accuracy of the buyer’s private information reduces the probability the buyer is swindled. If the
buyer becomes better informed about the quality of the object for sale, the seller will be less
successful in misrepresenting it and he will be able to deceive the buyer less frequently. This lower
probability of trade should restrain the seller from overcharging and induce him to be more honest.

As we will show in this paper, this argument is incomplete. In equilibrium, the amount of fraud

SFor ease of exposition, we refer to a seller as ‘he’ and to a consumer as ‘she’.



might increase when the precision of the buyer’s private information increases. This result has an
intuitive explanation. As the signal’s precision increases, a buyer who receives a positive signal
becomes more convinced of the product’s good quality while the opposite is true when the buyer
receives a negative signal. When, in equilibrium, only a buyer with a positive signal is willing to
pay the high price, an increase in the signal’s quality increases the willingness to pay of such buyer,
and ultimately induces the low quality seller to attempt a fraud more often. In this case, more
information is beneficial from the seller’s point of view.

The second part of the paper focuses on the case when there is more than one seller, and it
investigates the effect of competition on consumer fraud. In this model, one would expect competi-
tion to discipline sellers. With competition, demanding a high price results in a larger probability
of being unemployed in the next period because it reduces the chances of carrying out a successful
trade. This, in fact, increases the relative long-run cost of cheating. Notice that because of the
noisy signals, an honest seller with a high quality good may be accidentally dismissed. However,
the probability of dismissal is higher for a dishonest seller than for an honest one because the signal
is imperfectly correlated with the quality of the good. Our characterization illustrates how three
equilibria coexist for some parameter range (while there was a unique equilibrium under monopoly).
When there are multiple equilibria, the probability of fraud is constant in the market competition
level for two of the equilibria and grows in the market competition in the third equilibrium. This
result is explained by noting that the probability of remaining unemployed in the subsequent pe-
riods depends negatively on the rate of turnover among sellers, and the latter increases with the
probability that each seller attempts a fraud. Thus, the gains from being employed relative to
unemployed, and ultimately, the long-run cost of cheating, are decreasing in the probability that
each seller attempts a fraud. Consequently, an increase in competition can coexist with an increase
in the amount of fraud when their opposite effects on the relative long-run cost of cheating balance

each other.



In brief, our findings are three-fold. First, equilibria involving fraud exist for all possible com-
binations of competition and signal precision levels. Second, the amount of fraud might increase
when the precision of the buyer’s private information increases. Third, the level of dishonesty is
non-decreasing in the level of market competition in equilibrium.

The paper is organized as follows. Section 2 provides a literature review. The model is formalized
in section 3 and some preliminaries are introduced in section 4. Section 5 carries out the equilibrium
analysis and presents the central results of the paper. Section 6 concludes with a discussion of

directions for future research. Proofs are contained in the Appendix.

2 Related Literature

The market mechanism under asymmetric information caused by quality uncertainty has constituted
a main focus of research in the economics of information. The notion of experience goods was
introduced by Nelson (1970, 1974). The quality of an experience good cannot be directly verified
before purchase (ex ante), but only after purchase (ex post) through the use of the product. The
quality distribution for the good in the market is assumed to be known, however.

When deciding whether to buy a good of dubious quality, consumers often rely on any addi-
tional information that can be used to evaluate quality. Numerous experimental studies show that
consumers infer a high quality from a high price. This fact contributed to the development of the
industrial organization literature on price as a signal of quality. The existing work can be embodied
into two main areas of research: a first area is concerned with the moral hazard aspects of the choice
of quality, while the second focuses on the classical adverse selection problem, pioneered by Akerlof
(1970). The latter line of research is the one pursued in this paper. In these models, quality is not
treated as a choice variable but, instead, is exogenously given. The vast majority of the papers that

belong to this body of literature” assume the potential customers to be either perfectly informed

"Refer to Milgrom and Robers (1986), Bagwell and Riordan (1991), Overgaard (1993), Ellingsen (1997), Bester
and Ritzberger (1999), Hertzerdof and Overgaard (2001), Daughety and Reinganum (2004).



or completely uninformed about the quality of the good on sale. Several papers (Wolinsky (1983),
Judd and Riordan (1994), Voorneveld and Weibull (2004)) relax this assumption. Our modelling
approach is in the spirit of Voorneveld and Weibull (work): we specify that each consumer ob-
serves a private and imperfect binary signal without incurring any cost. As a result, the model is
categorized as a two-sided asymmetric information model. The central question addressed by the
price-quality signaling models consists on determining whether in such settings, prices alone are ca-
pable of conveying information on quality in equilibrium. Therefore, they restrict attention to pure
strategy sequential equilibria and investigate the existence of fully separating equilibrium outcomes
that survive selection criteria. Thus, in such equilibrium outcomes, honest reporting prevails in the
market. In contrast, we focus on pooling and mixed strategies, which may exhibit various degrees
of fraud. Furthermore, we perform comparative statics in terms of different parameters of interest
in order to determine whether more or less information is revealed in equilibrium, and calculate its
impact on the level of fraud in the market.

There is some previous work on the issue of honesty and competition in the area concerned with
the moral hazard aspects of the choice of quality. Cooper and Ross (1984) consider honesty in a
static quality provision model under perfect competition. In such a setting, a rational expectations
equilibrium may not exist and when it does, the informational content of prices depends on the
shape of the average cost curves and the exogenous proportion of informed buyers. Bandyopadhyay
(2004) examines a dynamic environment in which investment in quality is costly. A unique fixed
price is assumed for both goods so that selling the low quality object at this price is referred as
cheating. Dishonest sellers who are matched die at the end of the period with certainty while for
honest or unmatched sellers, there is a strictly positive probability of survival. In this context, the
author derives conditions under which multiple steady states emerge involving different levels of
quality (and thus, honesty) and market thickness (the expected number of customers who accept to
trade per seller). The sufficient condition for multiplicity ensures that more market thickness can
never induce less honesty.

An alternative strand of related literature that focuses on the analysis of fraud includes work



on credence goods®. With credence goods (Darby and Karni (1973)), consumers cannot judge
actual quality either before or after purchase. Two potential problems may emerge under theses
circumstances: provision of a wrong quality or inefficient treatment (under/overtreatment) and
charging for a higher quality or more expensive treatment than provided (overcharging). Under a
liability assumption, the result (whether the client’s problem has been fixed or not) is assumed to
be verifiable and consumers are protected from undertreatment. Thus, if the cost of treatment is
increasing in quality, overcharging is strictly more profitable than overtreatment. Consequently, an
expert who faces a consumer with a minor problem explicitly chooses to be honest by reporting
the minor problem and charging for the inexpensive treatment or to be dishonest by reporting
the minor problem as serious and charging the expensive treatment but providing the inexpensive
one. Pitchik and Schotter (1987 and 1993) identify equilibria in which sellers mislead some of
their customers in a regulated market with fixed prices. In their more recent paper, multiple
sellers compete for consumers who have the option to search for second opinions. In this static
setting, the cost of search could be interpreted as a natural measure of competition, the market
being considered as more competitive the lower the cost of consumer search. The authors find
that a reduction in the cost of search leads experts to be more honest in equilibrium. Wolinsky
(1993) shows that cheating in a competitive and flexible price setting can be eliminated in a static
framework when customers search for second opinions or in a stationary dynamic framework in
which customers search for second opinions and experts have reputation concerns. For sufficiently
low search costs, equilibria give rise to specialization by the experts in the static framework and
competition drives the prices of both services to their respective marginal costs. Fong (2005) finds
that identifiable customer heterogeneities play a crucial role in explaining expert cheating. He shows
that the no cheating result extends to a static flexible price monopolistic setting where customers
do not have the option to search for second opinions, nor experts have concerns for reputations and

cheating is costless. Under the assumption of identifiable customer characteristics, experts replace

8Refer to Dulleck and Kerschbamer (2006) for a unifying framework that can reproduce the majority of results

that have been achieved in the literature.



price discrimination by cheating their customers selectively. Specially, those consumers with higher

valuations for treatment or those whose problems are more costly to fix, become victims of fraud.

3 The Model

Consider a market for a good (commodity or service) for which quality is the only characteristic
relevant to a buying decision. We assume quality is an experience attribute: potential customers
are unable to objectively verify the quality of the good before purchase.’ Time is discrete and the
horizon is infinite. We assume that there is only one buyer and n > 1 sellers in the market. As
a result, n captures the level of competition in the market. All agents are infinitely lived and risk
neutral. Each seller produces one unit of the good for sale and the potential customer is willing to
purchase at most one unit.

We simplify our analysis by assuming that two exogenously given qualities are offered in the
market. A good can be of either low quality or high quality. The seller and consumer differ from
each other in their valuation for different quality items. The consumer values quality at 0 < vy < vy
respectively. The seller’s valuation or reservation price for both types of items is normalized to zero.
As a result, there are positive potential gains from trade in both cases.

Sellers are ex ante identical. However, each time that a seller produces a good, it is high quality
with probability 7 € (0,1) and low quality with probability 1 — 7. This probability distribution
is common knowledge, independent and identical across time. The unit production costs are also
common knowledge and normalized to zero.

The seller knows his actual, realized quality, but his potential customer does not and there is no
credible direct way by which the seller can provide this information before the customer makes her
purchase decision. However, the seller cannot completely disguise the true quality of his product.

Assume that prior to purchase, the consumer obtains without cost a private binary signal, which

9For experience goods, quality must be verifiable at least after consumption. Thus, beliefs are given by a probability
distribution over quality and are known ex ante or at least, can be deduced from own experience after consumption.

(Nelson (1970), Nelson (1974)).



conveys a certain amount of information about product quality. Let the signal structure be common

knowledge and be given by:

Low Quality High Quality

Low Signal (s = L) 4] 1-9
High Signal (s = H) 1-0 4]

where % <6 <1.

The number § is interpreted as the precision of the consumer’s signal. In the limit, when it is
equal to one, quality can be deduced with certainty by pure inspection before consumption. This is
the case of symmetric information. In the other extreme case, if § were equal to one half, the signal
would become totally uninformative since it would be uncorrelated with the quality of the good,
corresponding to the case of one-sided asymmetric information. In the intermediate cases in which
the signal is imperfectly correlated with the true quality of the product, this model is categorized
as a two-sided asymmetric information model.

We study the case in which price is the only signaling variable available to the seller. The seller
sets a take-it-or-leave-it price p € {pr,pg} for his unit, knowing its quality. Prices are exogenously
fixed'® and satisfy 0 < pr, < vy, < pg < vgH, so that under perfect information, the buyer is
not willing to purchase a low quality item at a high price. Otherwise, trade is desirable under
perfect information. From now on, selling a low quality object at a high price will be referred to as
“cheating”.

The consumer is Bayesian rational; she has beliefs over the sellers type and she uses all the
available information to update her beliefs according to Bayes rule. The buyer is an expected
utility maximizer and she bases her trading decision on the expected gains from trade. In each

period, the buyer’s strategy is simply whether to accept or reject the offer proposed by the seller.

10Tf prices are endogenized, then a plethora of equilibria emerge in a one period monopoly setting and among the
refinements suggested in the literature, only criteria D1, which is equivalent Universal Divinity and Never a Weak

Best Response in this setting, has any power in pruning the set of outcomes, and its power is limited.



If the offer proposed by the seller is accepted by the buyer, the buyer consumes the good, enjoys
its true valuation and the seller and the buyer continue to be matched in the next period. The
seller’s and buyer’s respective (ex post) per period utilities if the offer at price p is accepted in a
given period, are thus given by us = p and u, = v — p, where v € {vp,vg}. If the offer is rejected,
the buyer does not consume that period. Both agents’ utilities are normalized to zero in this case.
At the beginning of next period, the buyer meets a seller out of the pool of n unmatched sellers
randomly. The assumption regarding the probability associated with a continuation match is based
on the fact that past sales are observable. This assumption makes it clear that the model pertains
to markets in which stores which are successful in selling their merchandize today, are more likely
to receive the visit of a customer tomorrow. For simplicity, the probability of facing a continuation
match following trade is normalized to one. A generalization of this assumption does not alter the
substance of the conclusions that follow. Figure 1 provides an extensive-form representation of a
single period game.

Sellers maximize the expected present discounted value of lifetime earnings. Thus, each period,
the matched seller faces the trade-off between charging the low price and obtaining a low one period
gain while assuring a match next period (which may lead to future sales), and charging the high
price which may yield a high period gain and a continuation match, each with a probability strictly

lower than one.

3.1 Equilibrium

We confine attention to Symmetric Stationary Perfect Bayesian Equilibrium (SSPBE). In symmetric
equilibria all the agents of the same type play the same strategy. Stationary equilibria are a more
restricted class of equilibria where every period, the agents choose a stationary or time invariant
strategy upon to move. Let ¢}; and ¢} denote the probabilities that each type of seller charges
the high price in equilibrium. Let b};(p) and b} (p) denote the probabilities that each type of buyer

accepts the offer p proposed by the seller in equilibrium.

Definition 1. A Symmetric Stationary Perfect Bayesian Equilibrium (SSPBE) consists of

10
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Figure 1: The Extensive-Form Representation of the One Period Signaling Game
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beliefs and strategies (u*, ¢*,b*) satisfying the following requirements:

(A) Given the players’ beliefs, their strategies are sequentially rational. At each information set,
the action taken by the player with the move must be optimal given the player’s belief at the

information set and the other players’ subsequent strategies:

(1) The seller’s strategy ¢* is a best reply to the buyer’s strategy:
VO, ¢, € arg m(?ng

where Vy = max{Vy(pm), Vo(pr)} denotes the expected discounted lifetime profits for a
type 0 € {L,H} seller who is matched.

(2) The buyer’s strategy b* is optimal given p, s and her associated beliefs:

vp, s, U(p) € argmax Eu(p, s, up(6|p, s), b)
where Eu(p, s, up(0]p, ),0) = > gceo (0|, s)b(vo—p) denotes the buyer’s expected utility.

(B) At each information set, the player with the move has a belief about which node in the infor-
mation set has been reached by the play of the game. At information sets on the equilibrium

path, beliefs are determined by Bayes’ rule and the players’ equilibrium strategies:

(3) At each seller’s information set {H, L}, the system of seller’s beliefs satisfies:

5 ifs=0
1-6 ifs#0

s (s0) =

(4) At each buyer’s information set {(H,pm),(H,pr),(L,pr),(L,pr)}, the system of con-
sumer beliefs is Bayes-consistent, that is,

Pr(0)Pr(s|0)¢} . *
S i Sree Pr()Pr(si0)s, > 0

Arbitrary if Ygrco Pr(0")Pr(s|0")¢p =0

wy (Olpm, s) =

12



Pr(0)Pr(s|0)(1—¢} . %
s ey Seeo Pre)Pr(si#)(1 - ) > 0

Arbitrary if Yprce Pr(0")Pr(s|0')(1 —¢5) =0

1y (0lpr, s) =

4 Preliminaries

4.1 Symmetric Information

The classical case of symmetric information, that is, when the signal is perfect informative, cor-
responds to the boundary case § = 1 in the present model. Due to the absence of information
asymmetries, a unique separating equilibrium exists. The potential customer’s optimal decision
involves buying the good if and only if the price posted by the seller does not exceed her willingness
to pay. That is, the buyer’s optimal strategy is to accept trade at a high price offer if and only if she
obtains a high signal realization and accept trade at a low price for every possible signal realization.
As a result, the seller’s unique best reply to the buyer’s strategy is to be honest by setting the low
price if he has a low quality good and vice versa. Trade occurs with certainty in equilibrium so that

there is no turnover and the expected potential gains from trade are fully realized:

W+ =mug + (1 —7)vp, (1)

4.2 The Buyer’s Decision Problem

In our setting, competition is restricted to occur only on one side of the market (the sellers’ side)
since the buyer is guaranteed a match in the following period independently of her current trading
decision. Thus, the buyer’s decision problem is static due to the sellers’ stationary strategies. Let
v denote the buyer’s ex ante expected valuation for a given object: v = vy + (1 — 7m)vr. As noted
above, once the potential customer observes the price-signal pair (p, s), she updates her beliefs as
to which type of seller she faces. The potential customer’s optimal decision is to purchase the good

if and only if the price posted by the seller does not exceed the ex post expected valuation of the

13



good, which is given by vy, + up(H|p, s, ¢)(vg — vr). As a result, Vs € {L, H}, the buyer’s optimal

trading decision rule takes the form:

1 if uy(Hlpm,s) > A

0 otherwise
and
bs(pL) = 1, (3)

where A = PE—=L € (0, 1) could be interpreted as a proxy for the extent of fraud (in relative terms)
H—VL

existing in the market, provided that the sellers engage in fraudulent actions. The closer the value
of A is to 0, the less severe is the fraud committed by sellers. This is because the price charged
by the seller with the low quality good is only slightly above the consumer’s true valuation for this

good. Likewise, the closer the value of A is to 1, the more severe is the seller’s unethical behavior.

4.3 The Seller’s Decision Problem

Let V' be the expected discounted lifetime profits of a matched seller who behaves optimally before
getting to know his type, and V,, the expected discounted lifetime profits of an unmatched seller. Let
B € (0,1) denote the discount factor, which is common across agents. In a stationary environment,
the indirect utility of a matched type 6 seller of charging the low price is described by Bellman’s
equation from dynamic programming: Vy(pr) = pr + SV. The indirect utilities that each type of

matched seller obtains by charging the high price are given respectively by:

Vit (prr) = [0b% (pr)+(1—8)b% (p0)) (pr BV )+ [1-0b3 (prr)— (1—8)b% (prr)] (0 + ﬁ%V +p (1 - %) V“)
(4)

and

Vi(pr) = [(1=6)b (pr ) +0b7 (pr)|(pr+BV )+ [1—(1-6)b}; (1) —0b7 ()] (0 + ﬁ%‘/ +6 (1 - %) Vu) :
(5)

14



The above equations for the high and low quality sellers can be interpreted very easily. For
example, at the beginning of a period, a seller with a high quality product expects to confront a
customer whose signal realization is high with probability § and a customer whose signal realization
is low with probability 1 — . Thus, 0b};(pr) + (1 — )b} (pm) is the probability with which he
expects his high price offer to be accepted by the consumer. If the high price offer is accepted,
the seller makes a high price profit this period and faces the continuation payoff for the matched
seller. If the high price offer is rejected, he makes a zero profit this period and with probability %,
he is rematched to the buyer next period, obtaining the continuation payoff of the matched seller,
while with probability 1 — % he does not meet the buyer and obtains the continuation payoff of the
unmatched seller. In any period, a matched type 6 seller chooses the price strategy that maximizes
Vo = max{Vy(pu), Vo(pr)} and as a result, V = EyVp = Vg + (1 — m) VL.

Notice that upon having received a high price offer, the posterior beliefs of the customer who
observes the high signal are strictly higher than the posterior beliefs of the customer who observes
the low signal. This implies b};(pr) > b} (pm) and therefore, 6b3;(pr) + (1 — 8)b5 (py) > (1 —
0)b3(pH) + 0b7 (pu) if b3 (pH) # b7 (pr). Thus, although in this model, there does not exist an
explicit cost of signalling high quality by charging the high price, there exists an implicit opportunity
cost in terms of the probability of trade. As in the standard signalling games, this opportunity cost
is higher for the low quality seller than for the high quality seller. If b3;(pg) # b7 (pm), then
Vi (prr) > Vi(pm), so it must be the case that the high quality seller charges the high price in
equilibrium with a probability at least as high as the probability at which the low quality seller
charges this price: ¢3; > ¢7. If no customer type accepts to trade at the high price, then the sellers’
optimal response is to pool on the low price. If all customer types always accept to trade at the
high price, then the sellers’ optimal response is to pool on the high price. This simple observation

allows us to begin by stating the following lemma:
Lemma 1. Suppose % < 6 < 1. An equilibrium is of one of the following types:
(i) ¢ =¢L =0.

15



(ii) ¢% =1 and ¢} € (0,1].

Proof. In the Appendix.

The main focus of this paper consists on studying the effect of the degree of competition and
signal precision on the level of consumer fraud in equilibrium. We consider the candidate pooling
equilibria in which both types of sellers charge the low price not interesting since there is no fraud
committed in such potential equilibria. Thus, we restrict our analysis to study only the remaining
candidate equilibria. In those potential equilibria, the high quality seller always offers his item for
sale at the high price while the low quality seller may pool on the high price or may randomize
between both prices. Completely fraudulent behavior by the low quality seller is encompassed
in pooling equilibria whilst partial honest behavior by the low quality seller is revealed in hybrid

equilibria.

Definition 2. A Fraudulent Pooling Equilibrium is an equilibrium in which both sellers pool
on the high price, that is, ¢} = ¢7, = 1, and therefore, the low quality seller displays a completely

fraudulent behavior.

5 Equilibrium Analysis
Before embarking on the equilibrium analysis under competition, we proceed to analyze the “monopoly”
problem which provides a convenient reference point.

5.1 Monopoly Regime

The monopoly regime corresponds to the case n = 1 in the present model. Because there is only one
seller in the market, this seller will be matched with a buyer at every period of time, independently
of whether a transaction took place in the previous period. Thus, the nature of the seller’s problem

becomes static and it suffices to calculate his per-period profits to solve for his optimal strategy.

16



Consequently, the analysis of the conditions for the existence of SSPBE is equivalent to the analysis
of conditions for the existence of a PBE in the one seller-one buyer-one period model.
By Bayes consistency, the buyer’s posterior beliefs after receiving signal s and a high price offer,

conditional on her expectations about the level of honesty in the market are:

e} ~ :
wraom =0 = a(éL) ifs=H (6)

m(1—9 N .
m fir(or) ifs=1L

wo(H|pm,s) =

Figure 2 displays the buyer’s posterior beliefs as a function of the signal precision. Due to the
informativeness of the signal, the posterior beliefs upon receiving a high signal are increasing in the
value of § while the posterior beliefs upon receiving a low signal are decreasing in §. Both posterior
beliefs are decreasing in the cheating probability exerted by the low quality seller, ¢;. Ceteris
paribus, the lower is ¢, the higher is the level of honesty in the market, and the more optimistic
are both types of customers about the quality of the good conditional on having been offered the
item at the high price. Hence, the higher the expected valuation of the good and the more eager
are both customers to get the object.

Let 07, and dg denote the signal accuracy levels at which the low and high signal customers are
respectively indifferent between accepting or rejecting a high price offer under outright cheating, de-
fined as ¢y, = 1. Therefore, if py < v, d, = 1—(1 + (ﬁ) (g%’;i’))_l = 1—(1 + (ﬁ) (%»_1
while the high signal customer cannot be made indifferent since then A < m < fig(1). Alterna-
tively, if pgr > v, g = 1 — 01, while the low signal customer cannot be made indifferent since then
fr(1) < m < A. Figure 3 shows how 07, is determined graphically.

We proceed now to establish conditions for the existence of pooling and hybrid equilibria in-

volving consumer fraud.

Proposition 1. Assume % <d<landpyg <v.

(i) Pooling Equilibria in which both sellers charge the high price exist if and only if 6 < max {5,;, — BL
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(ii) Hybrid FEquilibria in which the high quality seller chooses pp and the low quality seller ran-
domizes between pg and pr, exist if and only if § > max {6L, - 5—2} .

Proof. In the Appendix.

Proposition 2. Assume % <d<1landpg>0.

(i) If oy <1— 2L

PH’

(a) Pooling FEquilibria in which both sellers charge the high price exist if and only if 6 €
6,1 — BL].

PH
(b) Hybrid Equilibria in which the high quality seller chooses py and the low quality seller

randomizes between prr and pr, exist if and only if § € (%, 5H> U [1 — g—IL{, 1) .

(i) If oy > 1 — 1’:—;, no pooling equilibrium in which both sellers charge the high price exists
while hybrid equilibria in which the high quality seller chooses py and the low quality seller

randomizes between pg and pr, exist V4.

Proof. In the Appendix.

Corollary 1. Equilibria involving fraud exist for all § € (%, 1) .

Uniqueness'!of these fraudulent pooling and hybrid equilibrium outcomes is guaranteed for
almost all values of §. For the non-generic cases § = dg and § = dp, there exists a continuum
of pooling equilibrium outcomes parameterized by the randomization strategy of the customer
who obtains the high and low signal respectively. For the non-generic case § = 1 — 5—2, there

exists a continuum of hybrid equilibrium outcomes in accordance with the seller’s randomization

HRecall that our analysis ignores the possible existence of pooling equilibria in which both types of sellers charge

the low price as discussed above.
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strategy, which is not pinned down but bounded from above and below. Specific details about the
characterization of these equilibrium outcomes are provided in the appendix. We use the help of
Figure 4 to illustrate the intuition behind the model. We must distinguish three possible cases

depending on the value of the high price:

e Case 1 pg < v: The high price is lower than the ex ante expected valuation of the good.
If the signal is fairly noisy, 6 < dr, a low signal does not convey a negative concomitant
meaning in terms of quality. The posterior beliefs of the low signal customer are updated
slightly downwards so that her expected valuation, although lower than v, is still greater than
the high price. Hence, it is rational for both customer types to purchase the item on sale at
the high price even in the most pessimistic scenario of completely fraudulent behavior. As a
result, the best response of the seller to the buyer’s strategies is to set the high price with
independence of his type. Pooling on the high price emerges as the unique market equilibrium.
We call this pooling equilibrium outcome Pooling H L. If the signal is fairly accurate, § > dr,,
a low signal does convey bad news in terms of quality and the posterior beliefs of the low signal
customer are updated sufficiently downwards that this buyer is no longer willing to accept
this high price offer if outright cheating prevails in the market. Suppose é; < 1 — Z];—IL{. If
o <6 <1-— 5—;, it still pays the low quality seller to practice complete fraud by targeting the
high signal customer exclusively, since the unit profit is high'? in spite of lower volumes of sale:
(1—=9)py > pr. Thus, a pooling outcome in which both the high quality seller and low quality
seller choose pgr, the high signal customer always purchases the good offered at both prices, and
the low signal customer only purchases the good offered at the low price emerges as the unique
market equilibrium outcome. We label this pooling equilibrium outcome as Pooling H. If the
signal is accurate enough (0 > max{dr,1 — I’:—IL{ ), then it is not rational for the low quality
seller to be completely dishonest since this seller does not confront a high signal customer

frequently enough. Thus, no fraudulent pooling equilibrium can be supported for this range

of signal precision values. Instead, a unique hybrid outcome (Hybrid H L) can be supported in

2Notice that a necessary condition for the existence of this equilibrium is pg > 2py.
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equilibrium: the high quality seller chooses pg, the low quality seller randomizes and charges

the high price with probability ¢(5) = (=) (15°) (22222 ) = (=) (152) (*52) while the

PH—VL
high signal customer always accepts to trade at the high price and the customer who observes
5— (17 ”—L)
%13 and

pL
PH®

the low signal accepts to trade at the high price with probability vz (0) =
she always accepts to trade at the low price. Note that as § — 1, ¢(0) — 0 and y5(6) —
Therefore, as the signal is made arbitrarily precise, this hybrid equilibrium converges to a
separating equilibrium in which the customer who observes the low signal accepts to trade at
the high price with a strictly positive probability: z%‘ Consequently, we have a discontinuity.
This separating equilibrium outcome is absent under perfect information and therefore, it is
not robust. The slightest decrease in signal precision causes this hybrid equilibrium outcome

to emerge.

Case 2 pyy = ©: The high price is equal to the ex ante expected valuation of the good. Notice

then that dp, = dg = % Therefore, once the signal is realized, the high signal buyer is willing

to purchase the object at the high price while the low signal buyer prefers to reject this high

price offer in the event of outright cheating by the low quality seller. By the same argument
PL

as in Case 1, we have Pooling H equilibrium if § < 1 — L and Hybrid HL equilibrium

otherwise.

Case 3 pg > ©: The high price is higher than the ex ante expected valuation of the good.
If the signal is not informative enough, § < min {5H, — z%}’ then observing a high signal
does not necessarily imply so good news in terms of quality. The posterior beliefs are updated
slightly upwards and the expected valuation, although higher than v, is still lower than the
requested high price. As a result, this buyer is not willing to purchase the item on sale at
the high price if the low quality seller defrauds continuously. Hence, no pooling equilibrium

exists for this range of signal accuracy. By contrary, if there existed some level of honesty in

the market, the customer’s posterior beliefs could be updated upwards more strongly and the

13

pL

~vr£(0) is increasing and concave in §. As d — 1 — 2L v, 7(8) — 0; a8 § — 1, vz (0) — E&.

PH PH
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expected valuation of the high signal customer could beat the price. This implies that there is
room for an hybrid equilibrium (Hybrid H) in which the high quality seller chooses py, the low

quality seller randomizes strictly between setting both prices and charges the high price with

probability ¢(5) = (ﬁ) (1%6) (M> = (ﬁ) (%) (%), the high signal customer

pPH—VL
1

accepts the high price offer with probability vz (0) = (ﬂ) br 14

or and always accepts the low

price offer while the low signal customer strictly prefers to reject the high price offer and accept
the low price offer always. When the signal is fairly accurate, § > min {6 H,1— S—fl}, a high
signal does convey a very positive concomitant meaning in terms of quality. The posterior
beliefs are updated upwards strongly enough that it is rational for this buyer to purchase the
item on sale at the high price even in the most pessimistic scenario of completely fraudulent
behavior. By a similar argument as the one described in Case 1, Pooling H can be supported

in equilibrium for ¢ € [5H, - ;’—ILJ and Hybrid HL for § > 1 — 1%'

5.1.1 Comparative Statics

In this section, we consider the effects of the signal precision, the high price and the prior, on the
low quality seller’s and the buyer’s randomization strategies. The Hybrid H L equilibrium cheating
probability ¢(&) by the low quality seller is decreasing in the value of . Ceteris paribus, the higher is
4, the more precise is the signal and the more pessimistic is the buyer about the quality of the good
when the low signal is observed. Therefore, her expected valuation of the good is lower than before
and in principle, she is not willing to purchase the object any longer. The seller anticipates this and
he eventually cheats her less often in order to continue extracting this consumer’s whole surplus by
making her indifferent between accepting or rejecting the offer at the high price. On the other hand,
the acceptance probability by the low signal customer vy (0) is increasing in §. Ceteris paribus, the
higher is d, the higher is the probability that a low quality seller confronts a customer whose signal
is low and therefore, the higher is the probability that his offer may end up being rejected. In order

for this seller to remain indifferent and still be willing to randomize (otherwise, he would prefer to

"5 (0) is increasing and convex in 6. As § — 1, va(8) — 25—:{; asd — 1 — S_II;’ va(8) — 1.
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be honest), the low signal customer must accept the high price offer more frequently so that the
probability of trade for the low quality seller remains invariant. For a given value of § € (%, 1),
the value of the equilibrium cheating probability ¢(d) is decreasing in py and increasing in 7. In
an Hybrid HL equilibrium, the low quality seller swindles the buyer with a probability such that
it makes the low signal customer indifferent between accepting or rejecting the high price offer. If
the high price increases, ceteris paribus, then the low signal customer strictly prefers to reject the
high price offer. The only way for the low signal customer to remain indifferent and still willing to
accept this offer with a strictly positive probability, is through a lower deceitful probability played
by the low quality seller. By doing so, he makes the low signal customer become more optimistic
about the quality of the good conditional on the high price being charged. Thus, her posterior
beliefs increase until her posterior expected valuation matches the new high price. In addition, a
higher high price also increases the unit profit if the offer is accepted, and thus, the benefits from
cheating. As a result, the low signal customer must accept the high price offer less often in order for
the low quality seller to remain indifferent and be willing to continue randomizing. Consequently,
we conclude that under Hybrid HL equilibrium, an increase in the high price alleviates the attempt
of fraud by the low quality seller since it induces him to become more honest but at the same time,
it aggravates the extent of fraud whenever it is committed. In other words, the higher benefits
from cheating due to a higher high price moderates the effect on the cheating probability. By
contrary, ceteris paribus, a higher prior increases the low signal customer’s expected valuation of
the good and now she strictly prefers to accept the offer at the high price. The seller knows that this
customer is now more eager to get the good and continues to extract her entire surplus by cheating
her more frequently. Consequently, we conclude that under Hybrid HL equilibrium, a higher prior

exacerbates the unethical behavior of the seller.

Proposition 3. Assume pg < max{v,2pr}. The level of dishonesty is non-increasing in the

level of signal precision in equilibrium.

The Hybrid H equilibrium cheating probability ¢(d) by the low quality seller is increasing in the
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value of 6. The more informative the signal, the more optimistic about the quality of the object is
the customer who observes the high signal, and therefore, the higher her expected valuation. This
customer is now more eager to purchase the good. The low quality seller rationally knows this and
he takes advantage of this situation by attempting to swindle the high signal buyer more frequently.
By doing so, this buyer’s posterior beliefs decrease until they reach the original value A so that the
seller manages to extract the entire consumer surplus of this customer type. Similarly, the more
informative the signal, the higher the probability that a given customer observes a low signal when
the quality of the item is low, and the higher the probability that the low quality seller’s high price
offer is rejected. In order for the low quality seller to remain indifferent between charging both
prices, the high signal customers, who are encountered less often, must accept trade at the high
price more often. By the same reasoning as before, the swindling probability by the low quality

seller is increasing in the prior and decreasing in the value of the high price.

Proposition 4. Assume pyg > max{v,2pr}. The level of dishonesty is not monotonic in the

level of signal precision in equilibrium. It increases as the signal becomes more precise if the signal

_ pL

or }), while it decreases as the signal becomes more

is not informative enough (5 < min{(SH,

precise if the signal is fairly accurate (5 >1-— 1%)'

The opposite effects of an increase in the signal precision on the level of market dishonesty as a
function of the signal precision values are due to a change in the identity of the marginal customer.
The Hybrid H equilibrium outcome exists for low signal precision values and the marginal customer
is the customer who observes the high signal. The fact that this customer becomes more optimistic
about the expected quality of the good as the signal is more precise, intensifies the seller’s dishonest
behavior. The Hybrid HL equilibrium outcome exists for high signal precision values so that
the high signal customer is already captured and the low signal customer becomes the marginal
customer. The fact that this customer is more pessimistic about the expected quality of the good
as the signal is more precise, moderates the seller’s unethical behavior.

Overall, notice that in the limiting case in which the low price is set arbitrarily small, the
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equilibrium cheating probability is non-decreasing in the signal accuracy level for all signal precision

levels and high price values.

5.1.2 Incidence of Fraud and Welfare

The customer’s equilibrium ex ante probability of becoming a victim of fraud or the incidence of

fraud, can be defined as,
" = (1 —m)¢r[(1 — 0)by (pr) + 6bL, (pr)]- (7)

Similarly, the equilibrium ex ante expected level of fraud can be defined as the product of the

incidence of fraud and the extent of fraud, E fraud = ®* (pg — vr) .

In Pooling HL equilibrium trade always takes place between the buyer and the seller with
independence of the signal received. As a result, the potential gains from trade are fully realized so
that this equilibrium is efficient. In addition, the incidence of fraud remains constant at its highest
possible value, 1 — 7, as the signal becomes more precise. Therefore, the expected level of fraud is
independent of the level of signal precision.

In Pooling H equilibrium, the more precise the signal, the lower the probability that a given
customer observes the high signal given that the object is of low quality, and therefore, the lower
the incidence of fraud (which is given by (1 — 7)(1 — 4)) and the expected level of fraud. This

equilibrium is inefficient as the potential gains from trade are not fully realized:
Wy = movg + (1 —m)(1 = d)vp < W*

The more precise the signal, the more optimistic about the expected quality is the buyer whose
signal is high and thus, the higher her expected utility. The customer whose signal is low does not
trade and her expected utility is zero. Hence, the buyer’s ex ante expected utility is increasing in the
signal accuracy. On the other hand, the more precise the signal, the higher the trade probability and
thus, the utility, for the high quality seller and the lower for the low quality seller. Therefore, the

seller’s ex ante expected utility is increasing in ¢ if and only if = > % Overall, the gains from trade

increase as the signal becomes more accurate if and only if the prior is high enough (7 > vijvL ).
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In a Hybrid H L equilibrium, the acceptance probability YrL(9) by the low signal customer makes
the trade probability at the high price for the low quality seller invariant: (1 —0) + VL (0) = 5—2.
The more precise the signal, the lower the equilibrium cheating probability by the low quality seller
and hence, the lower the incidence of fraud (which is given by (1 — Tr)g—fl ¢(6) ) and the expected
level of fraud in equilibrium. This equilibrium is inefficient as the potential gains from trade are
not fully realized:

W,’;HL—WP—(%‘S) (1—p—L)hH+(1—n) [1—9(5) (1—p—L>}vL<W*

PH PH

The more precise the signal, the more optimistic about the expected quality of the good is the
buyer whose signal is high and who is offered the item at the high price. Thus, the more accurate the
signal, the higher the expected utility of this customer. The low signal customer who is offered the
item at the high price, is indifferent between accepting and rejecting this offer so that her expected
utility is zero. Any customer who is offered the item at the low price obtains a strictly positive
utility which is independent of the level of §. However, the higher §, the more often the low quality
seller charges the low price. Overall, the buyer’s ex ante expected utility is increasing in the level of
signal precision. The low quality seller is indifferent in equilibrium between charging the high price
and the low price. His utility is constant thereby and equal to the low price. The more precise the
signal, the more often does the low signal customer accept the high price offer and the more often,
does the high quality seller encounter a high signal customer. As a result, the high quality seller’s
probability of trade, and thus his expected utility, is increasing in the signal accuracy level. Given
this, the more precise the signal, the higher the seller’s ex ante expected utility in equilibrium.
Overall, the gains from trade are increasing and concave in the signal precision. In the limit, as the
signal is made arbitrarily precise, they converge to the potential gains from trade.

In a Hybrid H equilibrium, the acceptance probability Vi (0) by the high signal customer makes
the trade probability at the high price for the low quality seller invariant: (1 —4)yz(0) = ;%' The
more precise the signal, the higher the equilibrium cheating probability by the low quality seller
and hence, the higher the incidence of fraud (which is given by (1 — 7)2 $(§) ) and the expected

PH
level of fraud in equilibrium. Thus, the main insight of the analysis performed in this section is into

26



the possibility that a more precise customer’s private information might lead to a higher level of
fraud. This equilibrium is inefficient as the potential gains from trade are not fully realized:
Wig=m (%) %UH +(1—m) [1 — 3(5) (1 - %)] vy, < W

The buyer whose signal is high is indifferent between accepting and rejecting the high price offer.
Thus, her expected utility conditional on being offered the item at the high price is zero. The low
signal customer rejects all high price offers so that her utility conditional on receiving a high price
offer is zero. Any customer who is offered the item at the low price obtains a strictly positive utility
which is independent of the level of §. However, the higher 4, the less often the low quality seller
is honest and charges the low price. As a result, the buyer’s ex ante expected utility is decreasing
in the level of signal precision. The low quality seller is indifferent in equilibrium between charging
the high price and the low price. His utility is constant thereby and equal to the low price. The
more precise the signal, the more often does the high signal customer accept the high price offer.
As a result, the high quality seller’s probability of trade, and thus his expected utility, is increasing
in the signal accuracy level. Given this, the more precise the signal, the higher the seller’s ex ante
expected utility in equilibrium. The probability of trade for both the low and high quality sellers is
increasing in the low price. If the low price is high enough, a more precise signal causes the increase
in the trading probability of the high quality goods dominate the decrease in the trading probability
of the low quality goods which are now offered at the low price less often. Overall, the gains from
trade are increasing and convex in the signal precision if and only if the low price is high enough

(pr, > (1 — A)vr). Otherwise, they are decreasing and concave in 9.

5.2 Competition Regime

We model competition by allowing the number of sellers in the market, n, to be greater than
one. The main difference between this section and the previous one is that competition makes
the seller’s problem dynamic. When choosing his optimal strategy, the seller now considers the

effect of his current price decision on his present expected discounted value of lifetime earnings, not
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only his current period profits. This critical difference causes multiple equilibria to emerge for a
middle range of signal precision values ¢ € (max{dL, ds}, 1 — 5—;) and market competition levels
n € (n, max{n,,ny}). Under the monopoly regime, only pooling equilibria could be supported for
this range of signal precision values, since the benefit of cheating was positive while its long-run cost
was null. Now, instead, the long-run cost of cheating is positive due to the possibility of becoming
unmatched if the high price offer is rejected by the customer. Multiplicity is interesting because
it implies that two otherwise identical markets may end up being characterized by very different
sellers’ ethics, which eventually leads to very different levels of consumer fraud. Figure 5 illustrates
the coexisting equilibrium cheating probabilities as a function of the market competition level for
a fixed intermediate signal precision level. For the remaining signal precision values and all market
competition levels, the “same” equilibrium outcomes that could be supported under the monopoly
regime prevail under the competition regime. The only arising discrepancy refers to the acceptance
probabilities by the marginal customers under hybrid equilibria. These acceptance probabilities are

now deterministic functions of the level of competition in the market place. Competition results in

a higher equilibrium acceptance probability by the marginal customer than monopoly does.

L o€ (max{6H76L>6s}a 1- 5—;) L pr>v&6€ (58,min{5H, 1— 5_;{})
$(0) ;
o@) |- ;
n Ty n 93 n i, n

Figure 5: The Equilibrium Cheating Probability as a Function of the Market Competition Level.



In addition, the marginal customer must accept the high price offer neither too occasionally nor
too often in equilibrium . If she rejected the offer too often, the low quality seller would strictly
prefer to be deviate and charge only the low price while if the high price offer were accepted too
often, he would strictly prefer not to randomize and be totally dishonest by charging only the high
price.

Let us define:

Ch-sa-mi(1-)
53:1+5(2ﬁ_1)(1_p_L) c op=mo+ (1 —m)(1—0)

The following propositions establish conditions for the existence of pooling and hybrid equilibria

involving consumer fraud.

Proposition 5. Assume % <d<1landpyg <0v.

(i) Fraudulent Pooling Equilibria exist for all possible levels of competition in the market if
d < max{ds,dr}. For any ¢, with max{ds, o} < § < 1 — 5—;, there exists n, such that if
n < fip, fraudulent pooling equilibria exist. No fraudulent pooling equilibrium exists for any

other possible combination of § and n.

(ii) Hybrid Equilibria exist for all possible levels of competition in the market if 6 € {1 — g—IL{, 1) )

For any §, with max{ds,0r} <d <1— 5—;, there exists n such that if n > n, hybrid equilibria

exist. No hybrid equilibrium exists for any other possible combination of 6 and n.

Proof. In the Appendix.

Proposition 6. Assume % <d<1andpyg >0.

() 1f 6 < 1— &,

(a) Fraudulent Pooling Equilibria exist for all possible competition levels in the market if § €

[0F,ds]. Fraudulent pooling equilibria also exist for any § with max{dy,d0s} < d < 1— 5—2
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if n < ny. For any ¢ such that 6 = 6y > 0s, there exists nps such that if n < Ny,
fraudulent pooling equilibria exist. No fraudulent pooling equilibrium exists for any other

possible combination of  and n.
(b) Hybrid Equilibria exist for all possible competition levels in the market if § € (%, (5H> U
(1 - z%’ 1). Hybrid equilibria exist for any 6 with max{dy,ds} < 6 <1 — g—fl if n > n.

No hybrid equilibrium exists for any other possible combination of § and n.

(ii) If 6y > 1— 1%’ no fraudulent pooling equilibrium exists and hybrid equilibria exist V§ & Vn.

Proof. In the Appendix.
Corollary 2. Equilibria involving fraud exist for all market competition levels and all § € (%, 1) .

5.2.1 The Competition Effect on Dishonesty

In this section, we consider the effect of an increase in the market competition level on the equilib-

rium cheating probabilities and the buyer’s randomization strategy.

Proposition 7. Assume § € (max{&L,(Ss}, 1— 1%)’ The level of dishonesty is non-decreasing

in the level of market competition in all equilibria.

In the left-hand side diagram of Figure 5, Pooling H is an equilibrium outcome for not very
relatively highly competitive markets. Under this equilibrium outcome, the relative short-run benefit
from cheating is (1—0)py —pr > 0, while its relative long-run cost is 3§ (1 - %) (V—Vu)pm. For this
range of signal precision values, the following condition is satisfied: (1—68)py —pr, < B6(V —V4)pu =
62 %. Thus, if the market were relatively highly competitive, the probability of recovering a lost
relationship would be so low that the long-run cost of cheating would outweigh its short-run benefit,
inducing the low quality seller to deviate and be honest.

An increase in the market competition level n, has no effect on the present value of the expected

future rents from remaining matched relative to unmatched, (V' — V,),m, nor on the rejection
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probability of a high price offer. However, it increases the probability that the match will not be
recovered if the offer is eventually rejected. As a result, the long-run cost of cheating in the current
period increases and honesty becomes relatively more attractive than before. If the short-run benefit
from cheating are large enough that they still outweigh the increased long-run cost of cheating, then
pooling on the high price remains optimal.

In any hybrid equilibrium, the low quality seller must be indifferent between being honest or
dishonest. As a result, the relative short-run benefit of cheating must balance its long-run cost.
The incorporation of competition causes a “new”!® hybrid equilibrium outcome to emerge for non-
generic values of §. Under this equilibrium outcome, which we call Hybrid H, the high quality
seller chooses py, the low quality seller randomizes between py and pr and cheats his customers
with sufficiently high probability, ¢}, that the high signal customer always purchases the good
offered at both prices, and the low signal customer only purchases the good offered at the low
price. The customer’s posterior beliefs must be given by equation (6) by Bayes consistency. For the
buyer’s strategy to be optimal, it must be that p(H|pg,L) < A < pi(H|pu, H), and therefore,
¢7, € (9(6), #(0)). As in the monopoly regime, the buyer’s optimality condition does not pin down
the seller’s dishonesty level in equilibrium. It only determines an upper-bound and lower-bound for
its value. The present value of lifetime expected utilities for a matched type H and a matched type

L sellers who charge the high price are respectively:

Vi(pu) = 8(pa + V) + (1= 88 (v + (1= 1) )

Vilo) = (1= 8)(pu + V) + 65 (v + (1- 1) )

Charging the low price once yields:

Vu(pr) = Vi(pr) = pL + BV

15 A continuum of this equilibrium outcome exists for § = 1 — 11:_15 under the monopoly regime
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In equilibrium, a one shot deviation must be not profitable for the high quality seller while
the type L seller must be indifferent between charging either price. Since Vi (py) > Vi(pm), this

condition can be written as,

(1= O~ pu= 05 (1= ) (V = Vi s)

In addition, in equilibrium,
V =7Vu(pr)+ (1 —m)¢rVilpm) + (1 — m)(1 — ¢1)Vi(pL)
which can be written as:
X . (1 1
V = [0+ (1-m) (1=8)6 1 i +AV)+H1-m) (=61 (48 + (1011wl (1v + (1= 1) 0 )

Also,

Vi = (184 (1= m)(1 = )67, + (1= m)(1 = 1))V + (1= §) + (1 =m0 LV + (1= 2 ) Vo)

so that
[mé+ (A —m)(A = 6)¢plpu + (1 —m)(1 — ¢ )pL (©)
1=pro+ (1 —m)(1—0)¢; + (1 —7)(1—9¢71)]

(V - VU)hH =

Equations (8) and (9) can be solved for ¢7:

. 0= (=po) (1) - Dlmi+ (1 -mpE] 0
¢L - B(1—m)s <1 L 5) ( )
n PH

A necessary condition for Hybrid H to be an equilibrium is that competition cannot be either

relatively too intense nor too moderate. If competition were relatively too intense, the probability of

. . . 9% 9¢% 02¢%
6For the relevant range of signal precision values, the following can be shown: % > 0, % > 0, WZ@ > 0,

12}
o

P >0, 2L 5 0. Asn — n, ¢} — $(0); as n — 7k, ¢ — B(9).
H

P
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recovering a lost relationship would be low and hence, the short-run benefit from cheating would not
compensate for the expected potential gains that could be foregone if the seller became unmatched.
If competition were relatively moderate, and the buyer did not accept the high price offer, the seller
would be rematched with the buyer with a relatively high probability. Thus, the probability of
becoming an unmatched seller would be low and hence, the short-run benefit from cheating in the
current period would exceed its long-run cost. The Hybrid H equilibrium cheating probability is
increasing in the level of competition in the market. The intuition is as follows. An increase in
the market competition level, increases the probability that the match will not be recovered if the
offer is eventually rejected. As a result, the long-run cost of cheating in the current period increases
and honesty becomes relatively more attractive than before. Notice that a matched seller who
charged the high price with probability ¢ € (¢(8), ¢(6)) would obtain expected per-period rents of
70+ (1—7)(1=0)¢|prr+ (1 —7)(1—¢)pr. The higher the dishonesty level, the higher the per-period
rents. However, the more frequently the low quality seller cheated his customer, the lower would
be the probability of keeping the relationship alive, and thus, the shorter the expected duration
of enjoying those per-period rents. Consequently, the market turnover rate would increase. For
this range of signal precision values, the second effect dominates and the relative gains from being
matched relative to unmatched would decrease as the low quality seller became less honest. Thus,
if the low quality seller cheated his customer more frequently, the long-run cost of cheating in the
current period would decrease. Eventually, for a sufficiently high cheating probability, the long-run
cost of cheating would match the relative short-run benefit from cheating and the low quality sellers
would again be indifferent between being honest and dishonest. Hence, the Hybrid H equilibrium
cheating probability by the low quality seller increases with competition.

The low quality seller’s indifference condition in a Hybrid H L equilibrium is given by:

1
(1 =0+ 6vupr)pe —prL = B6(1 = Vpur) (1 - ;) (V' =Vanut (11)
where v,y = b} (P ),z and it can be shown that

V=Vl g = ([0 + (1 =) vppr] + (1 =m)p(6)[(1 = 0) + 0vpprl)pm + (1 — m)(1 — ¢(5))pL (12)
WRHL T — B0+ (1= 0) ) + (1= m)@B)[(1 — 6) + 0vppmz] + (1 — m) (1 — 8(6)))
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Equations (11) and (19) determine -, in equilibrium. A necessary condition for Hybrid HL to be

an equilibrium is that competition cannot be relatively too moderate and that the low signal cus-
tomer cannot accept the offer too often. If competition were relatively moderate, and the buyer did
not accept the high price offer, the seller would be rematched with the buyer with a relatively high
probability if the high price offer were rejected. Thus, the probability of becoming an unmatched
seller would be low and hence, the short-run benefit from cheating in the current period would
exceed its long-run cost. If the low signal customer were to accept the high price offer too often,
then the probability of rejection would be very low so that the short-run benefit from cheating more
than compensates its long-run cost and the low quality seller would have an incentive to deviate
and outright cheat. Competition could be relatively intense. If that were the case, then the prob-
ability of acceptance of the high price offer by the low signal customer must be high. Specifically,
in equilibrium, both the market competition level and the acceptance probability move in the same
direction. That is, ;7 is increasing in n, or alternatively, solving for n as a function of v, it can
be shown that ny 57 (9, ) is increasing in . An increase in the market competition level, increases
the long-run cost of cheating in the current period and honesty becomes relatively more attractive
than before. In equilibrium, however, the low quality seller must cheat his customer with the same
frequency as previously. Otherwise the low signal customer would no longer be indifferent between
accepting or rejecting the high price offer. A higher acceptance by the low signal customer increases
both the expected per-periods rents, that would be obtained if the relationship is kept alive, and the
expected duration of keeping it alive. Consequently, the actual gains from being matched relative
to unmatched increase. Nonetheless, it also decreases the probability of losing the relationship by
cheating in the current period. Overall, if the low signal customer were to accept the high price with
a sufficiently higher probability than before, the short-benefit from cheating could increase by more
than the increase in its long-run cost and this effect could just be sufficient to compensate for the
initial effect caused by the increase in the market competition level. Thereby, the low quality seller
could continue cheating his potential customer with the same frequency and still remain indifferent

among both options.
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Finally, the following condition must be satisfied in a Hybrid H equilibrium:
1
(1= S mapn = pr = B+ (1= 8)(1 = mn)] (1= 1) (V = Vi (13)

where v, 7 = b} (pr),g and

o (1= M) (1= 8)30) pn + (1 - W) (- D)o
= Vit = T3 7 (-0 — )60 + (- 01— 66))) a4

A necessary condition for Hybrid H to be an equilibrium is that competition cannot be relatively
too intense and that the low signal customer cannot accept the offer too occasionally. If competition
were relatively too intense, the low quality seller would have an incentive to deviate and be honest
due to the low probability of being rematched with the buyer in the following period if the high price
offer were rejected. If the high signal customer were to accept the high price offer too occasionally,
then the probability of rejection would be very high so that the short-run benefit from cheating
would be below its long-run cost.

As mentioned above, ceteris paribus, an increase in the market competition level increases the
long run cost of cheating. In equilibrium, however, the low quality seller must cheat his customer
with the same frequency as previously in order for the high signal customer to remain indifferent
between accepting or rejecting the high price offer. A higher acceptance by the low signal customer
increases both the expected per-periods rents, that would be obtained if the relationship is kept
alive, and the expected duration of keeping it alive. Consequently, the actual gains from being
matched relative to unmatched increase. Nonetheless, it also decreases the probability of losing the
relationship by cheating in the current period. Suppose first that the signal is not too precise or
if it happens to be too precise, that the high signal customer does not reject the high price offer
too occasionally. Then, if the high signal customer were to accept the high price with a sufficiently
higher probability than before, the short-benefit from cheating could increase by more than the
increase in its long-run cost and this effect could just be sufficient to offset the initial effect caused

by the increase in the market competition level. In the remaining cases, if the high signal customer
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were to accept the high price with a sufficiently higher probability than before, the short-benefit
from cheating would increase by less than the increase in its long-run cost. As a result, a lower
acceptance probability than before is necessary to counteract the initial effect caused by the increase

in the market competition level.

5.2.2 The Competition Effect on The Incidence of Fraud

In this section we analyze the impact of changes in the market competition level on the customer’s
ex ante probability of becoming a victim of fraud and hence, on the expected level of fraud in the
market.

Under Pooling H equilibrium, neither the low quality seller’s cheating probability nor the buyer’s
strategy depend on the market competition level. Thus, the incidence of fraud is also independent
on the market competition level and it is given by (1 — m)(1 — §). As in the monopoly case, as the
signal becomes more precise, the low quality seller’s probability of trade at the high price, which
is given by the probability that the low quality seller encounters a high signal customer, decreases,
lowering the incidence of fraud. In Hybrid H equilibrium, however, the low quality seller cheats
more frequently as competition increases. The incidence of fraud is given by (1 —m)(1—J)¢} and it
is therefore, increasing in the market competition level. Note that for a given market competition
level, the incidence of fraud is lower under Hybrid H equilibrium than under Pooling H equilibrium
because the low quality seller is strictly honest occasionally in the former equilibrium. An increase
in the signal precision, induces the low quality seller to cheat more frequently in equilibrium but it
also lowers the trade probability. It turns out that the first effect dominates the second effect and
the incidence of fraud increases as the signal becomes more precise. In Hybrid HL equilibrium,
the low quality seller swindles his potential customer with a probability that is independent of the
market competition level. Nonetheless, the low signal customer accepts to trade at the high price
more often in highly competitive markets in equilibrium. As a result, the incidence of fraud, which
is given by (1 —m)[(1 — &) + 67y, 77]#(9), is increasing in the level of competition in the market. For

a given market competition level, the more precise the signal, the higher the acceptance probability
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of the high price offer by the low signal customer. In spite of this, the low quality seller’s probability
of trade at the high price decreases as the high signal customer, who always accepts the high price
offer, is encountered less often. This effect together with a lower deceitful probability by the low
quality seller decreases the incidence of fraud as the signal becomes more accurate. The incidence of
fraud in Hybrid H equilibrium is given by: (1 —7)(1 — )7, 76(5). The frequency by which the low
quality seller deceives his potential customer in Hybrid H equilibrium is independent of the market
competition level as in the previous equilibrium. As a result, an increase in the market competition
level increases the incidence of fraud if and only if the increase in competition induces the high
signal customer to accept the high price offer more frequently. This is satisfied whenever the signal
is not too precise or if it happens to be too precise, whenever the high signal customer does not
reject the high price offer too occasionally. The increase in the market competition level decreases
the incidence of fraud otherwise. In addition, an increase in the accuracy of the signal, increases the
incidence of fraud indisputably if for a given competition level, the increase in the signal accuracy,
increases the acceptance probability by the high signal customer. Otherwise, a more precise signal
increases the incidence of fraud if the increase in the precision of the signal does not decrease the
acceptance probability by the high signal customer by more than (’Y’ITH)

To conclude, it is worth emphasizing that although a higher competition level tends to increase
the probability at which an ex ante potential customer becomes a victim of fraud, the analysis
from the next section reveals that under Hybrid HL and Hybrid H equilibria, the ex ante cus-
tomer’s expected utility is not affected by the change in the competition level. This is because the
equilibrium level of honesty in the market is independent of the competition level in the market.
Furthermore, it is also worth mentioning that the incorporation of competition into the market
could a priori decrease the existing incidence of fraud level if a switch from one equilibrium into
another equilibrium develops. For instance, this is always the case in Case 1, after a move from
Pooling H equilibrium into Hybrid H equilibrium or after a move from Pooling H equilibrium into
Hybrid HL equilibrium. Thus, considering only the previously mentioned effect may lead one to

incorrectly arrive at an unduly pessimistic conclusion about the entire impact of competition on
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the incidence of fraud. Identifying competition as a source of multiple equilibria is crucial in this

respect.

5.2.3 The Competition Effect on Welfare

In this section, we study the effect of changes in the market competition level on welfare and draw

a comparison of the welfare results among the multiple equilibria. Let us define:

L-pl—m) o _ 1—ﬁ(1—ﬂ)(1—,’f—§)

Oy = ; =
1+82r—1) " 11 p@r—1) (1-22)

where 05 < 0, < 4.

Proposition 8. Assume § € (max{cSL,(S b1— pL). The following can be shown:

* d *
(i) Pooling H equilibrium: % =0; VC‘;’LH =0; d(v )”H <05 (V )pH <0

(ii) Hybrid H equilibrium: 0 < o; Whn o, AV _ o dVidant

_ * _ dW* _ *
(iti) Hybrid HL equilibrium: ““enit — o; Cont ~ o, Wan — o, Wi <

(iv) Hybrid H equilibrium:

(a) For any ¢ with 6 € (0y,0:) there exists v, g, and for any & with 6 > 0 there exists

Yo, Such that if 6 < 8y or if 6 € (6u,01) & Yug < Yng1 o7 if 6 > 0 & Vg < Vngol”

du)na _ AWig . d(V*)hH LAV
2 = 0; —2 > 0; > 0; =5 <0

dW?r -

(b) Otherwise: % =0; — 2L < 0; d(‘/;TZhH <0; d(Vgn)hFI > 0.

In general, the impact of competition on the welfare variables of our interest depends specifically

on the equilibrium type considered.

1"Note that if 4}, 7, or 7j, g0 were lower than 1 for some fixed &, then Hybrid H and Hybrid HL would also coexist

for some range of market competition levels greater than 7i,.
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In a Pooling H equilibrium, given that the level of honesty is not affected by a change in the
market competition level, the buyer’s ex ante expected utility is independent of n and so are the
gains from trade. The probability of recovering a lost relationship is now lower than before so that
the ex ante matched seller becomes worse off. Likewise, the probability of being randomly matched
at any period decreases and the ex ante unmatched seller is made worse off too.

In a Hybrid H equilibrium, the increase in competition induces the low quality seller to cheat
his potential customer more often. Thus, both the customer who observes the high signal and
purchases the item at hand, and the customer who is offered the item at the low price, are made
worse off. This results in a decrease in the ex ante expected utility of the buyer. Nonetheless,
the ex ante customer is better off under Hybrid H than under Pooling H because in the former
equilibrium, the low quality seller is strictly honest occasionally!®. From the sellers’ perspective,
an increase in competition has the following effects: (1) it decreases the probability of becoming
randomly matched (or of recovering the relationship) at any period of time; the increase in the
cheating probability by the low quality seller (2) decreases the gains from being matched relative
to unmatched and (3) increases the ex ante probability that the offer is rejected at any period of
time, thereby increasing the market turnover rate. Overall, the last effect dominates the former two

effects so that the unemployed seller is made better off:

V= (125 (5) 1701 = 9) + (1= 3GV = Vi (65)

is increasing in n. On the other hand, the effects are such that the ex ante (and ex post) matched
seller is equally off. To see this, suppose a priori that there were no chances of losing the relationship
if the offer were rejected, as in the monopoly case. Then, the ex ante matched seller would make an
expected rent of (16 + (1 —m)(1 —0)¢} [pm + (1 — ) (1 — ¢} )pr, in every future period of time. The
higher cheating probability increases the per-period expected rents. However, we must acknowledge
that with competition, the relationship may be broken up and not recovered at some particular

time. If that were the case, the matched seller would become unmatched and hence, he would miss

81n the limit, as n — fip, (u})hg — (U )pH-
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the actual gains from being matched relative to unmatched:

Vot = (775 ) {3n(@idpm + (1 =m0 = 61)pr = 6 (1= 1) 560V ~ Vi (0) |
where 0,(¢7) =m0 + (1 — m)(1 — )¢} and §(¢;) =7(1 —0) + (1 — m)dd}

By equation (8), the above condition can be rewritten as:

(V)ne = (ﬁ) {pL + (25%;1> (pu —pL)}

which is independent of n. Hence, the increase in the lifetime value of being unemployed exactly
offsets the decrease in the gains from being matched relative to unmatched so that the ex ante
matched seller is equally off: V = (V,)pg + (V — V). Notice that whenever the low quality
seller is honest, trade occurs independently of the signal realization. Consequently, as the market
competition level increases, the low quality seller becomes more dishonest and hence, the gains from
trade decrease.

In a Hybrid HL equilibrium, the increase in competition has no effect on the low quality seller’s
ethical behavior and therefore, it has no impact on the high signal customer’s expected utility.
However, it induces the low signal customer to accept the high price offer more often. In equilibrium,
this customer type must remain indifferent between accepting or rejecting the high price offer
though. Therefore, the increase in competition has no effect on the ex ante expected utility of the
buyer. However, the higher trade probability by low signal customer increases the equilibrium gains
from trade. From the sellers’ perspective, an increase in competition has the following effects: (1) it
decreases the probability of becoming randomly matched (or of recovering the relationship) at any
period of time; the increase in the acceptance probability by the low signal customer (2) increases
the gains from being matched relative to unmatched and (3) decreases the ex ante probability that
the offer is rejected at any period of time, thereby decreasing the market turnover rate. Overall,

the first and last effect dominate the second effect so that the unemployed seller is made worse off:

Ve = (125) () 500 = )V = Vs
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is decreasing in n, where 0;(¢) = 7(1—6)+(1—m)d¢p(d). On the other hand, the effects are such that
the ex ante (and ex post) matched seller is equally off. To see this, let 05,(¢) = 70+ (1—7)(1-0)¢(6).
If a priori there were no chances of losing the relationship if the offer were rejected, then, the ex
ante matched seller would make an expected rent of [05(¢) + 0;(®)Vpmzlpr + (1 —7)(1 —¢(d))pr =
ER;,;7.(0) in every future period of time. The higher acceptance probability by the low signal
customer increases the per-period expected rents. However, once competition is incorporated, the
relationship may be broken up and not recovered at some particular time. If that were the case,
the matched seller would become unmatched and hence, he would miss the actual gains from being

matched relative to unmatched:

1 1

(V)nur = (m) {ERhHL(5) - p (1 - ﬁ) 01(¢(6)) (L = Ypm)(V — Vu)hHZ}

By equation (11), the above condition can be rewritten as:

iz = (175 ) {or+ 7 (55) o -}

which is independent of n, and equal to the ex ante matched seller’s present discounted value
of lifetime earnings in Hybrid H equilibrium. Hence, the increase in the lifetime value of being
unemployed exactly offsets the decrease in the gains from being matched relative to unmatched so
that the ex ante matched seller is equally off: V' = (Vi)pyz + (V — V)i -

In a Hybrid H equilibrium, the increase in competition has no effect on the low quality seller’s
ethical behavior but we showed previously that under certain conditions, it induces the high signal
customer to accept the high price offer more often. In equilibrium, this customer type must remain
indifferent between accepting or rejecting the high price offer. The low signal customer does not
accept the high price offer. As a result, the increase in competition has no effect on the ex ante
expected utility of the buyer but it increases the gains from trade. From the sellers’ perspective,
an increase in competition has the following effects: (1) it decreases the probability of becoming
randomly matched (or of recovering the relationship) at any period of time; the increase in the
acceptance probability by the high signal customer (2) increases the gains from being matched

relative to unmatched and (3) decreases the ex ante probability that an offer is rejected at any
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period of time, thereby decreasing the market turnover rate. Overall, the first and last effect
dominate the second effect so that the unemployed seller is made worse off:
164 1 - - _
Vi = (725) (5) Gu(@ 1 =) + 8GNV = V) (906)
is decreasing in n'?, where &, (¢) = md+(1—7)(1—6)¢(5) and 6;(¢) = 7(1—0)+(1—m)5¢(5). On the
other hand, the effects are such that the ex ante (and ex post) matched seller is better off. To see this,
if a priori there were no chances of losing the relationship in case an offer were rejected, then, the ex

ante matched seller would make an expected rent of 0y, (¢)v, gpa+(1—7)(1—¢(9))pr = ER,5(6) in

every future period of time. The higher acceptance probability by the low signal customer increases
the per-period expected rents. However, once competition is incorporated, the ex ante matched
seller could become unmatched after an offer rejection and hence, he would miss the actual gains
from being matched relative to unmatched:
Vi = (175 ) {ERua(® = 5 (1= 3) G161 =20 + 5DV = Vo (9(6)) |
By equation (13), the above condition can be rewritten as:
Vg = <ﬁ> {PL +7 <%) (pH pL)}

which is increasing in v}z, and thus, under these certain conditions, in n. Hence, the decrease in
the lifetime value of being unemployed is not sufficient to counteract the increase in the gains from

being matched relative to unmatched so that the ex ante matched seller is better off.

Proposition 9. Competition-regime expected utilities, present discounted value of lifetime earn-

ings and gains from trade are ordered as follows:

(i) If § € (max{0p,01,0,},1 — L&),

19Obviously, under the remaining conditions, the increase in competition induces the high signal customer to accept
the high price offer less often. This causes a decrease in the gains from being matched relative to unmatched and an
increase in the market turnover rate. The last effect dominates and as a result, the unmatched seller becomes better

off.
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(a) From the ex ante customer’s perspective: (uy)nyi > (Up)ng > (Up)pH
(b) From per period gains from trade’s perspective: Wy, > Wy > e
(c) From the ex ante matched seller’s perspective: (V*)par > (V*)her = (V*)uL

(d) From the unmatched seller’s perspective: (V.\)pr > (Vi) = (Vi) wwi-

(ii) If pg >0 & 6 € (5S,min{5H,1 — z% )’
(a) From the ex ante customer’s perspective: (uy)npi > (Up)ne > (W) na
(b) From per period gains from trade’s perspective: Wiy = Wiy > Wig
(c) From the ex ante matched seller’s perspective: (V* )y = V) > V)i

(d) From the unmatched seller’s perspective: (V. )ng = Vi g > (Vi) nuL-

Under the conditions displayed in (i), Pooling H is preferred from the sellers’ perspective. Note
that competition is considered as not desirable in terms of the overall welfare under Pooling H
equilibrium. Hybrid HL depicts itself as the most preferred equilibrium from the perspective of the
customer and the per-period gains from trade. Moreover, it is also the most preferred equilibrium
from the ex ante matched seller’s perspective under the conditions displayed in (i7). Note that
competition is considered as desirable in terms of the the per-period gains from trade under Hybrid
HL equilibrium. It only has a negative impact on the unmatched seller’s expected discounted
lifetime utility. Hybrid H equilibrium does not depict itself as an interesting equilibrium from the
perspective of the matched seller and buyer. Only the unmatched seller weakly prefers it to the
other possible equilibria, and in general, competition is not desirable from the unmatched seller’s
perspective under Hybrid H equilibrium.

A central authority would not concerned about the specific shares obtained by each agent. The
Social Planner would be interested in achieving the largest possible gains from trade and the lowest
possible incidence of fraud level. She would rank the multiple equilibria according to these two
criteria. For a given signal precision and market competition level, Hybrid H L depicts itself as the

most efficient equilibrium in both respects.
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6 Conclusions

This paper has explored the role played by the accuracy of consumers’ private information and
the effect of competition on the equilibrium levels of honesty and incidence of fraud in a two-sided
asymmetric information model in which prices are fixed. We have shown that equilibria involving
fraud exist for all parameter values. Moreover, we have argued that under certain conditions, an
increase in the accuracy of the customer’s private information may lead to a higher level of fraud
in equilibrium. This is the case whenever the available information mechanism in the market is
not very precise and the fixed high price is relatively high. Under these circumstances, it pays the
low quality seller to target the customer who observes the high signal only by randomizing between
the two prices and charging the high price with a sufficiently high probability. Since this customer

“wrong” signal, she becomes more optimistic about the expected quality of the good

observes the
as the private information gets more accurate. This, in fact, increases her expected valuation of
the good and induces the seller whose good is of low quality to continue extracting this customer’s
entire surplus by swindling his customer more often. Finally, we have argued that competition, by
making the seller’s problem dynamic, leads to multiple equilibria for an intermediate range of signal
precision values and market competition levels. The equilibrium level of dishonesty is found to be
nondecreasing in the level of competition in the market. An increase in the market competition
level increases the long-run cost of cheating, so that honesty becomes relatively more attractive
than before. However, honesty cannot prevail in the market place as the customer would become
credulous and the seller would be tempted to outright cheat her. For the original equilibrium
conditions to be restored, the relative long-run cost of cheating must decrease. In those equilibrium
outcomes in which no customer type is indifferent between accepting or rejecting the high price
offer, the relative long-run cost of cheating is lowered by letting the low quality seller cheat his
customer more often. By doing so, the market turnover rate would be higher, increasing thereby
the seller’s value without a preexisting buyer and hence, reducing the gains from being matched
relative to unmatched. In those equilibrium outcomes in which some customer type is indifferent

between accepting or rejecting the high price offer, the equilibrium cheating probability cannot be
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modified for the marginal customer type to remain indifferent between both options. Instead, the
long-run cost of cheating is lowered by generally letting the marginal customer accept the high price
offer more often in equilibrium. Among the multiple equilibrium outcomes, the one in which the
customer who observes the low signal is made indifferent between accepting or rejecting the high
price offer, is the most efficient equilibrium outcome, since it involves the greatest gains from trade
and the lowest incidence of fraud. A more accurate private information and higher competition
level enhance welfare under this equilibrium outcome, despite the higher incidence of fraud caused

by the increase in competition.

6.1 Future Extensions

There are several directions for future research. An interesting extension would be to study the
impact of enhancing the customer’s actions by allowing her to fire the seller at the end of the
period if a high price has been charged and the buyer experiments low quality after consuming
the good. Another aspect that is worth further examination is introducing some dynamics into
the buyer’s problem. This could be modelled by not guaranteeing the buyer a continuation match
if she decided to reject an offer. A relevant extension would be to let the buyer influence her
signal precision by imposing some cost to the customer for having access to an external source of
information which reveals beforehand the quality of the product imperfectly. In the spirit of Bester
and Ritzberger (1999), upon observing the price, each buyer could privately test for the quality of
the good by paying a cost which is increasing in the degree of test precision chosen by the buyer.
Another interesting issue is allowing customer heterogeneity in the signal precision. In the same
vein, incorporating reputation concerns among sellers is also deemed natural. We leave all these

issues for future work.
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Appendix

Proof of Lemma 1. We must prove that for § € (%, 1) no separating equilibria nor hybrid
equilibria in which the high type seller strictly randomizes between charging both prices nor hybrid
equilibria in which the high type seller sets the low price while the low type seller randomizes, exist.

The proof is by contradiction.

(i) Suppose that a separating equilibrium in which the high type seller sets the high price and
the low type seller sets the low price, exists. Consider an information set (pg,s)V s € S of
the buyer. By consistency of believes along the equilibrium path, she believes that the item
is of high quality with probability one. Since vy > pg, her optimal decision is to purchase
the product for all possible signal realizations. But then, this implies that the low quality
seller could increase his expected discounted lifetime earnings by charging the high price. A

contradiction. Q.E.D.

(ii) Suppose that a separating equilibrium in which the high type seller sets the low price and the
low type seller sets the high price, exists. Consider an information set (pg,s)V s € S of the
buyer. By consistency of believes along the equilibrium path, she believes that the item is
of low quality with probability one. Since vy < pp, her optimal decision is not to purchase
the product for all possible signal realizations. But then, this implies that the low quality
seller could increase his expected discounted lifetime earnings by charging the low price. A

contradiction. Q.E.D.

(iii) Suppose that an hybrid equilibrium in which both seller types strictly randomize between
charging both prices, exists. Then the low quality seller must be indifferent between charging
the high price and the low price. Thus, Vi(pg) = Vr(pr) which by (2) implies Vg (pg) >
Vi(prr) = Vi(pr). The high quality seller could increase his expected discounted lifetime

earnings by not randomizing and charging only the high price. A contradiction. Q.E.D.

(iv) Suppose that an hybrid equilibrium in which the high type seller strictly randomizes between
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charging both prices and the low quality seller charges only the low price, exists. This results

in a contradiction by the same argument as in (i). Q.E.D.

(v) Suppose that an hybrid equilibrium in which the high type seller strictly randomizes between
charging both prices and the low quality seller charges only the high price, exists. The
indifference condition for the high quality seller is Vi (pr,) = Vi (pm), which by (3) implies
Vi (pr) = Vu(pr) > Vi(pr). The low quality seller could increase his expected discounted

lifetime earnings by not charging the high price but the low price. A contradiction. Q.E.D.

(vi) Suppose that an hybrid equilibrium in which the high type seller sets the low price and the
low quality seller strictly randomizes between charging both prices, exists. This results in a

contradiction by the same argument as in (iii). Q.E.D.

Proof of Proposition 1. We prove this proposition through a series of lemmas.

Lemma 2 : Ifpy < 0, Pooling equilibria involving fraud exist if and only if 5 < max {6L, 1-— Z’;—IL{}.

Proof.  For necessity, suppose not, so that if py < v, fraudulent pooling equilibria exist if
o > max{dL, — z%}' By Bayes consistency, the posterior beliefs p; (H|pm,s) must be given by
equation (6). Since § > dr, then pf(H|pu,H) > A > p;(H|pm, L) so that the buyer’s optimal
strategies conditional on the signal received are bj;(py) = 1 and b} (pr) = 0. The low quality
seller’s expected profit of charging the high price is given by (1 — §)py < pr due to the fact that
6>1-— 5—2. The low quality seller would find it more profitable to deviate and charge exclusively
the low price. A contradiction. We prove sufficiency through claims 2.1-2.3:

Claim 2.1 : If pg < v, there exists a unique pooling equilibrium outcome characterized by the
following strategies ¢7; = ¢7 =1 and by (pr) = b7 (pa) =1 if 6 < 0r.

Proof. Consider the buyer’s posterior beliefs pj (H |py, s) given by equation (6). To verify that
(u*, ¢*,b*) if 6 < 01, is a SSPBE, notice that these beliefs are by construction consistent with Bayes’
rule along the equilibrium path. If § < 0z, pj(H|pm,s) > A Vs € S. By (2), the buyer’s strategy is

rational with respect to them. Now consider any seller. Since the buyer accepts to trade at both
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prices always, and py > pr, charging the high price is the best reply for the seller. Uniqueness for

0 < §r, follows trivially.

Claim 2.2 : If pg < v, there exists a continuum of pooling equilibrium outcomes characterized
5— (1— ”—L>

PH
——.

Proof.  Consider the buyer’s posterior beliefs py(H|pm,s) given by equation (6). To verify

by o = ¢, =1, by (pu) = 1 and b} (pu) = vr if 0 = 0, where v, >

that (u*, ¢*,b%) if § = 01, is a SSPBE, notice that these beliefs are by construction consistent with
Bayes’ rule along the equilibrium path. If § = 0y, then pj(H|pn,H) > A and pj(H|py,L) = A.
By (2), the buyer’s strategy is rational with respect to them. Now consider the low quality seller.
By charging the high price, his expected profit is given by [(1 — §) + 0vr|pg > pr. Thus, charging
the high price is the best reply for the low quality seller and hence, also for the high quality seller
[0+ (1 —0)vLlpe > pL-

Claim 2.3 : If pg < v, there exists a unique pooling equilibrium outcome characterized by
G =, =1, V(o) =1 and b (prr) = 0 if 6 € (97,1 — 2],

Proof. Consider the buyer’s posterior beliefs pj (H|py, s) given by equation (6). To verify that
(u*, ¢*, %) if § € <5L, — 5—;} is a SSPBE, notice that these beliefs are by construction consistent
with Bayes’ rule along the equilibrium path. If § > §r, then p(H|pg, H) > A > pi(H|pu, L). By
(2), the buyer’s strategy is rational with respect to them. Now consider the low quality seller. Since
the buyer accepts to trade at the high price only if she observes the high signal, his expected profit
of charging the high price is given by (1 — §)py > pr, charging the high price is the best reply for
this seller and consequently, it is so for the high quality seller too. Uniqueness follows trivially.

This completes the proof of lemma 2.

Lemma 3 : Ifpyg = v, there exists a unique fraudulent pooling equilibrium outcome characterized
by o3 = &5 =1, by (pr) =1 and b} (pr) = 0 if and only if 6 € (%, 1- ;zz:_sz)'

Proof. If pg = v, then m = A and 07, = % The proof follows by using an argument similar as
the one used in the proof of claim 2.3 .

Lemma 4 : If pyg < v, Hybrid Equilibria exist if and only if § > max {5L, 1-— p—L} .

pPH
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Proof. For necessity, suppose not, so that if pg < o, hybrid equilibria exist if § < max {5 L,1—LL

PH
By Bayes consistency, the posterior beliefs pj(H|pm,s) must be given by equation (6). Since
d < 0r, then pi(Hlpu, H) > pi(H|pa,L) > A V¢r € (0,1) so that the buyer’s optimal strate-
gies are by (pg) = b} (pw) = 1. Any seller’s expected profit of charging the high price is given
by pg > pr. The low quality seller would find it more profitable to deviate and charge exclu-
sively the high price. A contradiction. If pg = v, then 7 = A and §p = % so that Vo € (%, 1),
0 > 6 and therefore {J € (%,1)| J < max{(SL,l— g—fl}} = (). For sufficiency, consider the
equilibrium outcome characterized by ¢}; = 1, ¢} = ¢(6) = <L> (17_5) (M), bi(pr) =1

1-m PH—VL
_(1_PL
5 (1 pH)

and b} (pr) = vpp(6) = ——— and the buyer’s posterior beliefs uy(H|pm,s) given by equa-
tion (6). To verify that (u*,¢*,b*) if § > max{cSL, - g—fl} is a SSPBE, notice that these be-
liefs are by construction consistent with Bayes’ rule along the equilibrium path. If 6 > §r, then
pi(Hlpu, H) > A = pj(H|pn,L). By (2), the buyer’s strategy is rational with respect to them.
Now consider the low quality seller. Since the buyer accepts to trade at the high price with proba-
bility one if she observes the high signal and with probability strictly less than one if she observes
the low signal, the expected profit of charging the high price for the low quality seller is given by
[(1=6) + dyyr(0)lpu = pr. The low quality seller is indifferent between charging both prices and
therefore, a randomization strategy is a best reply for this seller. Similarly, the expected profit of
charging the high price for the high quality seller is given by [6 + (1 — &)y z(6)lpm > pr, so that
charging only the high price is this seller’s optimal response for the buyer’s strategy . Uniqueness
follows trivially.

This completes the proof of proposition 1. Q.E.D.

Proof of Proposition 2. We prove this proposition through a series of lemmas.
Lemma 5 : If pyg > v and ég < 1 — 5—2, fraudulent pooling equilibria exist if and only if
_ pbL
5 e [5H, pH} .
Proof.  For necessity, suppose not, so that if pg > v and ég < 1 — ;Z;_g’ fraudulent pooling

equilibria exist if 6 € (%, 1) H) U (1 — 5—;, 1). By Bayes consistency, the posterior beliefs 1 (H |pp, s)
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must be given by equation (6). If § < g, then A > py(H|pm, H) > p;(H|pm, L) so that the buyer’s
optimal strategies are bj;(pg) = b} (pg) = 0. Any seller who charged the high price would see his
offer rejected and therefore, a low quality seller would be better off by being honest and charging
only the low price. If § € (1 - ]’;—Z, 1), i (Hlpa, H) > A > py(H|pg, L), so that the buyer’s optimal
strategies are bj;(pg) = 1 and b} (pr) = 0. The low quality seller’s expected profit of charging the
high price is given by (1 —d)py < pr due to the fact that 6 > 1 — 1%1' The low quality seller would
find it more profitable to deviate and charge exclusively the low price. A contradiction. We prove
sufficiency through claims 5.1-5.2:

Claim 5.1 : There exists a continuum of pooling equilibrium outcome characterized by ¢7; =

¢7 =1 and bj;(pa) = va and b} (pr) =0 if 6 = 0, where yg > (ﬁ) I’Z—IL{.
Proof. Consider the buyer’s posterior beliefs pj (H |p, s) given by equation (6). To verify that
(u*, ¢*,b*) if 6 = dp is a SSPBE, notice that these beliefs are by construction consistent with Bayes’
rule along the equilibrium path. If § = 0y, then pj(H|py,H) = A > pi(H|pu,L). By (2), the
buyer’s strategy is rational with respect to them. Now consider the low quality seller. By charging
the high price, his expected profit is given by (1 — §)ygpr > pr. Thus, charging the high price is
the best reply for the low quality seller and hence, also for the high quality seller dvgpg > pr.

Claim 5.2 : There exists a unique pooling equilibrium outcome characterized by ¢7; = ¢7 =1,

Vy(p) =1 and b (pi) = 0 if 6 € (01,1 — L& ].

Proof. Consider the buyer’s posterior beliefs pj (H|pq, s) given by equation (6). To verify that
(u*, %, %) if § € (5H, — 5—2} is a SSPBE, notice that these beliefs are by construction consistent
with Bayes’ rule along the equilibrium path. If § > 0y, then p}(H|py, H) > A > u}(H|pu, L). By
(2), the buyer’s strategy is rational with respect to them. Now consider the low quality seller. Since
the buyer accepts to trade at the high price only if she observes the high signal, his expected profit
of charging the high price is given by (1 — §)pg > pr, charging the high price is the best reply for
this seller and consequently, it is so for the high quality seller too. Uniqueness follows trivially.

This completes the proof of lemma 5.

Lemma 6 : If py > v and dg > 1 — 5—2, no fraudulent pooling equilibrium exists.
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Proof. Suppose not, so that if pg > v and ég > 1— 5—2, a fraudulent pooling equilibrium exists.
By Bayes consistency, the posterior beliefs y; (H|pg, s) must be given by equation (6). If § < dg,
then A > pj(H|pu, H) > pj(H|pu, L) so that the buyer’s optimal strategies are bj; (pr) = b} (pu) =
0. Any seller who charged the high price would see his offer rejected and therefore, a low quality
seller would be better off by being honest and charging only the low price. If 6 > dg, pj(H|pu, H) >
A > py(H|pm, L), so that the buyer’s optimal strategies are b};(pr) < 1 and b} (pr) = 0. The low
quality seller’s expected profit of charging the high price is at most (1 — d)py < pr due to the
fact that 6 > 1 — z%' The low quality seller would find it more profitable to deviate and charge
exclusively the low price. A contradiction.

Lemma 7 : If py > v and 6y <1 — I’;—IL{, Hybrid Equilibria exist if and only if 6 € (%,51{) U
1-ge1).

Proof. For necessity, suppose not, so that if py > v and oy <1 — 1%’ hybrid equilibria exist if
o€ {6 ,1— 5—2). By Bayes consistency, the posterior beliefs i (H|pp, s) must be given by equation
(6). Since § > 6g, then py(H|pg, H) > A > p;(H|pu, L) Yor, € (0,1) so that the buyer’s optimal
strategies are bj;(pg) = 1 and b} (pr) = 0. The low quality seller’s expected profit of charging the
high price is given by (1—9§)py > pr. The low quality seller would find it more profitable to deviate

and charge exclusively the high price. A contradiction. We prove sufficiency through claims 7.1-7.2:

Claim 7.1 : If py > v, Hybrid Equilibria exist if § < min{dg, 1 — g—g .

Proof. Consider the equilibrium outcome characterized by ¢3; = 1, ¢} = () = (ﬁ) (%) (g%’;i’),
by(pe) = 75(0) = (ﬁ) 5—; and b} (pr) = 0 and the buyer’s posterior beliefs pj(H|pm, s) given
by equation (6). To verify that (u*,¢*,0*) if 6 < 1 — 5—2 is a SSPBE, notice that these be-
liefs are by construction consistent with Bayes’ rule along the equilibrium path. In addition,
pp(Hlpu, H) = A > pj(H|pu, L). By (2), the buyer’s strategy is rational with respect to them.
Now consider the low quality seller. Since the buyer accepts to trade at the high price only if she
observes the high signal with probability v5(d), the expected profit of charging the high price for

the low quality seller is given by (1 —§)v5(6)ps = pr. The low quality seller is indifferent between
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charging both prices and therefore, a randomization strategy is an optimal reply for this seller.
Similarly, charging only the high price is the high quality seller’s optimal response for the buyer’s

strategy. Uniqueness follows trivially.

Claim 7.2 : If py > v, Hybrid Equilibria exist if 6 > 1 — g—fl.

Proof.  Consider the equilibrium outcome characterized by ¢7 = 1, ¢} = ¢(0), by (p) = 1
and b} (pr) = 7y (6) and the buyer’s posterior beliefs uj (H |pm, s) given by equation (6). To verify
that (u*,¢*,0*) if § > 1 — z% is a SSPBE, notice that these beliefs are by construction consistent
with Bayes’ rule along the equilibrium path. In addition, u;(H|pm, H) > A = uj(H|pu, L). By (2),
the buyer’s strategy is rational with respect to them. Now consider the low quality seller. Since the
buyer accepts to trade at the high price with probability one if she observes the high signal and with
probability strictly less than one if she observes the low signal, the expected profit of charging the
high price for the low quality seller is given by [(1 — ) + 071 (0)]py = pr. The low quality seller
is indifferent between charging both prices and therefore, a randomization strategy is a best reply
for this seller. Similarly, charging only the high price is the high quality seller’s optimal response

for the buyer’s strategy. Uniqueness follows trivially.

This completes the proof of lemma 7.

The proof of proposition 2 is completed. Q.E.D.

Let us define:

Bo(1 —)[0n + (1 — op)7]

npgr(6,7) = =) — (L35, — B b)) (1 - 1’3—2)

o 366}, n 2 (6,7) = Bopy[1l — (1 —6)y]
Pe--pm)(1-ze) T ey gy (1- BL) - (1- )y
o B-msi-s) [
s (1) ()

PH

52



=1 B(1—m)5(1 - (jL)) <1_p_L_5>'

. (1—ﬁ5h)<—p_ b
o 6—(1—ﬁ5h)( _5—) . 7]
Yaz(0) = - ﬂ(l—éh)( _p_H)m ; Y (0) = T ﬁéh( 52)21

B5(1 =) {on + (1 = du)7] = (1 = m)(1 = 6(9)) (1 - 2= =51 = 7))} |

nrz(0:7) =
e 5(1—7) = [1= 38, — B(1 = ou)y] (1 — 22)
BlL— (1= {lro+ (1 —m =gy + (1 —m)(1 - @)}
nhH(év 7) = L L .
BL 4 Bopy (1 - 2E) = (1 - 8)y
Notice that for § > ds, 6 > (1—363) ( ) and 7y, n, Ny, are positive, decreasing and convex

in §. Furthermore, if 65 < & < §p, then ¢(d ) < 1and n, > fp. If § > max{dy,ds}, then $(8) > 1

and n, < np. As § — d, Ny, n, np — +00; as § — 1—;’—2, np,n, iy, — 1.

Proof of Proposition 5. We prove this proposition through a series of lemmas.

207, . - ) . _ _ 1—(1— @Tr)(1 ;’L)
It is increasing and concave in § for § > ds. As 6 — s, g — 0; 0 — 1, Y1 — m

PH

v
L
211t is increasing and convex in § for § < 6;. As § — %, Yg — lﬂ(finL); as 6 — d0s, v — 1.
- T PH

221t is decreasing in §, increasing in 7 for § > &, and decreasing in 7 for v < F5z. Furthermore, it is convex in §
for v < 7. Asy — v (6); naur(6,7) — L asy — 0, nppr(6,7) — 3 v — Yz (6), npmr(6,y) — +oo for § > ds; as
0— 557 nhHE(67 7) — +00.

Bt is increasing in 7 and increasing in y for § < . For 6 € (du,0:), it is increasing in ~ if

DIL _E -

D[1767;5,L(17£—FL1)] = ~,g1 where D = 2(1 — §)[rd + (1 — m)(1 — §)¢] and E

_ 1

(2D5h§_§ (1 — ;T;) [—(1—0) + Bdn] [1 -1 —-m)(1—9) (1 - ;’—}LI)]) 2. For § > 4, it is increasing in  if and only
DEL R

if v < 2 = Yhaa A 7(9), 7 (0, 1; 75(0), npg(d,v) — +oo for § < ds;
iy D[liéimh(li%)] Yna2 S’Y—>’7_H() npa(0,7) — 1; as v — Vg (6), npg(6,7) oo for 0 = as

and only if v <

v — 1, ny(0,7) — 7in, for 6 > Js.
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Lemma 8: If py < v, Fraudulent Pooling FEquilibria exist for all possible levels of competition

in the market if 0 < max{ds,0r}.

Claim 8.1 : If pg < v, and for all market competition levels, there exists a unique pooling
equilibrium outcome characterized by the following strategies ¢3; = ¢7 =1 and by (pu) = b} (pH) =
1iféd <dr.

Proof. The proof follows by the same reasonings used in the proof of Claim 2.1. Q.E.D.

Claim 8.2 : Ifpy < v, and for all market competition levels, there exists a continuum of pooling
equilibrium outcomes characterized by ¢3; = ¢7 =1, by (pr) =1 and b} (py) = v if 0 = 61, where
v € [0,1] if o, < ds and v € [Fg1(0), 1] otherwise.

Proof. Consider the buyer’s posterior beliefs i (H|pp, s) given by equation (6). To verify that
(u*, ¢*,b*) if 6 = 01 is a SSPBE, notice that these beliefs are by construction consistent with Bayes’
rule along the equilibrium path. If § = 6y, then uj (H|py, H) > A and u;(H|pu,L) = A. By (2),
the buyer’s strategy is rational with respect to them. Now consider the low and high quality sellers

respectively. By charging the high price, their expected lifetime utilities are given by:

Valow) = (1= )+ 071w + BV) + o= )y + 5 (1= ) 61 - )1,

N

Vi (pr) = [0+ (1= 8)](pr + BV) + —(1 = 3)(1 =)V + 3 (1 — %) (1—=68)(1 =)V

In equilibrium, V = 7V (pg) + (1 — 7m)VL(pr), which can be written as:

V= B+ (L= o+ 8V) + S - 80—V +6 (1= 1) 1= a1 - )V

and
s 1
Vo= 0 (L= 8]0+ V) + 2= 00—V +5 (1= 1) (1= 80—V

so that
[6n + (1 — 0n)7IpH
T B + (L= 61)0] (1)

In equilibrium, a one shot deviation must be not profitable for none of the sellers. Since Vi (pg) >

(V - VU)pHE =
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Vi (pm), this dishonesty condition can be written as,

(1= 8)+ 8o —p1 2 6 (1= 1) 6L =)V = Vidyrr (16)

If we substitute (15) into (16), condition (16) can be shown to be satisfied for all market competition
levels if 07, < s & v € (0,1) or if 61, > 65 & v > F55(9).

Claim 8.3 : If py < v and for all market competition levels, there exists a unique pooling
equilibrium outcome characterized by ¢3 = ¢7 =1, by (pr) =1 and b (pr) =0 if 6 € (01, 6s).

Proof. Consider the buyer’s posterior beliefs pj (H |pp, s) given by equation (6). To verify that
(u*, 0%, %) if § € <5L, — Z];—ILJ is a SSPBE, notice that these beliefs are by construction consistent
with Bayes’ rule along the equilibrium path. If § > §r, then pj(H|pg, H) > A > pi(H|pu, L). By
(2), the buyer’s strategy is rational with respect to them. Consider now the sellers. By following a

similar analysis as the one used in the proof of Claim 8.2, we arrive at the following conditions:

_ _Onpm
1— 34

In equilibrium, a one shot deviation must be not profitable for none of the sellers. Since Vi (pg) >

(V - VU)pH

(17)

Vi (pm), this dishonesty condition can be written as,
1
R o (e LUS O (18)

If we substitute (17) into (18), condition (18) can be shown to be satisfied for all market competition
levels if 67, < d > d5. Uniqueness follows trivially.

This completes the proof of lemma 8.

Lemma 9 : If pg < 0 and for n < nyp, there exists a unique fraudulent pooling equilibrium
outcome characterized by ¢3; = ¢7 =1, by (pr) =1 and b} (pr) =0 if 6 € (max{és, or},1— 5—;).

Proof. The proof follows by using an argument similar as the one used in the proof of claim
8.3.

Lemma 10 : If pg = v and for all market competition levels, there exists a unique fraudulent

pooling equilibrium outcome characterized by ¢ = ¢7 = 1, by (pr) = 1 and b} (py) =0 if 6 < 0
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If pg = v and for all market competition levels, there exists a unique fraudulent pooling equilibrium

outcome characterized by ¢, = ¢5 =1, bjy(pr) =1 and b5 (pg) =0 if § € (65, — 5—5),

Proof. If pg = v, then m = A and 0;, = % The proof follows by using an argument similar as
the one used in the proof of claim 8.3 .
Lemma 11 : If pg < ¥ no fraudulent pooling equilibrium exists for any other possible combi-

nation of § and n.

Claim 11.1 : If pg < v, and for n > n,, no fraudulent pooling equilibrium exists if & €
(max{és,dL}, —I’:—}LI).

Proof. Suppose not, so that if py < ¥, and for n > n,, pooling equilibria exist if § &
(max{ds, opt,1— 5—;). By Bayes consistency, the posterior beliefs i (H|pq, s) must be given by
equation (6). Since § > dr, then pj(H|pu, H) > A > pj(H|pu,L) Vor, € (0,1) so that the buyer’s
optimal strategies are bj;(pr) = 1 and b} (pg) = 0. Condition (18) is violated. The low quality

seller would find it more profitable to deviate and charge exclusively the low price. A contradiction.

Claim 11.2: Ifpy < v, and forVn, no fraudulent pooling equilibrium exists if § > max {5,;, — 5—2}

; — 1 _ PL
orifé=1 or > 0.

Proof. Suppose not, so that if py < v, and for n > n,, pooling equilibria exist if 6 >
max{éL, — If—}LI} orif 6 =1-— If—fl > dr. By Bayes consistency, the posterior beliefs pj(H|pg, s)
must be given by equation (6). Since § > o, then py(H|pu, H) > A > pj(H|pg, L) so that the
buyer’s optimal strategies are bj;(py) =1 and b} (pg) =0. If 6 > 1— }Zj—g, then the low quality seller
would find it more profitable to deviate and charge exclusively the low price, since (1 — 0)py < pr,
and the seller is guaranteed to remain matched to the buyer in the following period. A contradiction.

This completes the proof of lemma 11.
Lemma 12 : Ifpy < v, and for all possible levels of competition in the market, Hybrid Equilibria

exist if § € (max {5L, - ;]:_,L{} , 1).
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Proof.  Consider a continuum of hybrid equilibrium outcome characterized by ¢3; = 1, ¢} =

9(6) = (ﬁ) (%) (M), biy(pr) = 1and b} (pr) = € (vgz(9), YL (0)) and the buyer’s pos-

PH—VL

terior beliefs pj (H |pmH, s) given by equation (6). To verify that (u*, ¢*,b*) if 6 > max {5L, - 5—2}

is a SSPBE, notice that these beliefs are by construction consistent with Bayes’ rule along the
equilibrium path. If 6 > dr, then pj(H|py, H) > A = pj(H|pn, L). By (2), the buyer’s strategy is
rational with respect to them. Now consider the sellers. It can be shown that in equilibrium,

(0n(¢(0)) + 0i1(¢(0))7)pm + (1 — m)(1 — 6(0))pr
1= B(0n(8(9)) + 1(¢(0))y + (1 = m)(1 - ¢))

(V =Vihut = (19)

In equilibrium, the low quality seller must be indifferent between being honest or dishonest. This

condition is given by equation (11). If we substitute (19) into (11), condition (11) can be shown
to be satisfied for n = n,57(0,7) if 6 € (max{(SL, - ]’:—Z} , 1) and v € (yg(9),YuL(6)). Since
nypr(0,7) is increasing in v and as v — yg(6), nyyr(6,7) — 1 and as v — F51(9), nyyr(6,7) —
400 for § > d,, then this equilibrium exists for all market competition levels.

Lemma 13 : If pg < ¥ and n > n, hybrid equilibria exist if § € (max{és,éL},l — 5—2}.
Proof.  The proof follows by using an argument similar as the one used in the proof of lemma
12. If we substitute (19) into (11), condition (11) can be shown to be satisfied for n = n, 57 (9,7)

if 0 € (max{ds,éL}, 1- 5—;} and v < Jg(9). Since ny, 7 (0,7) is increasing in vy and as v — 0,
i (0,7) — nand as v — Yg7(0), nypz(9,7) — 400 for § > ds, then this equilibrium exists for

all market competition levels such that n > n.

Lemma 14 : If pyg < 0, no hybrid equilibrium exists for any other possible combination of §

and n.

Proof. Suppose not, so that a hybrid equilibrium exists either if § < max{ds,dr}, or if
S (max{6s,6L}, — I’:—}LJ & n < n. First, suppose that § < §. Consider the buyer’s posterior
beliefs p; (H|pm, s, ¢) given by equation (6). These beliefs are by construction consistent with
Bayes’ rule along the equilibrium path. If § < dr, then py(H|pg, H) > pi(H|pu,L) > AV¢p < 1.
By (2), the buyer’s optimal strategy is to always accept both price offers. Now consider the low

and high quality sellers. By charging only the high price instead of the low price, they obtain a
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relatively higher current profit and they are guaranteed to remain matched with the buyer in the
next period. Thus randomization is not an optimal strategy for the seller. Secondly, suppose that
0 € (0p,0s). Then, p;(H|pa,H) > pi(Hlpmg, L) > A V¢ < $(d) but then the above reasoning
applies; puj(H|py, H) > py(H|py,L) = A if ¢ = ¢(6). The buyer’s strategy is rational if and
only if the high signal customer always accepts the high price offer while the low signal customer
accepts the high price offer with probability v € [0,1]. Consider now the low quality seller. By
using an argument similar as the one used in the proof of lemma 12, condition (11) can be shown
to be violated if § < d5. The low quality seller has incentives to deviate and strictly outright cheat.
py(Hlpa, H) > A > pi(H|pn, L) if ¢(6) < ¢ < 1. The buyer’s strategy is rational if and only if
the high signal customer always accepts the high price offer while the low signal customer always
rejects the high price offer. Consider now the low quality seller. It can be shown that in equilibrium,
condition (9) holds. Furthermore, the low quality seller must be indifferent between being honest

or dishonest. This condition can be written as,

1
(1= O —pi= 55 (1= ) (V = Vi (20)
Condition (20) can be shown to be violated if § < d;. The low quality seller has incentives to deviate

and strictly outright cheat. Thirdly, suppose that § € (max{&s, or},1— 1’)’—;] Then, uj(H|pa, H) >
py(Hlpm, L) > A V¢ < ¢(0) but then the same reasoning provided above applies; pj(H |pg, H) >
pi(Hlpm, L) = Aif ¢ = ¢(5). The buyer’s strategy is rational if and only if the high signal customer
always accepts the high price offer while the low signal customer accepts the high price offer with
probability v € [0,1]. Consider now the low quality seller. By using an argument similar as the one
used in the proof of lemma 12, condition (11) can be shown to be violated if n < n. The low quality
seller has incentives to deviate and strictly outright cheat; pj(H|pg, H) > A > p;(H|pu, L) if
9(6) < ¢ < 1. The buyer’s strategy is rational if and only if the high signal customer always accepts
the high price offer while the low signal customer always rejects the high price offer. Consider now
the low quality seller. Condition (20) can be shown to be violated if n < n. The low quality seller

has incentives to deviate and strictly outright cheat.

This completes the proof of proposition 5. Q.E.D.
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Proof of Proposition 6. We prove this proposition through a series of lemmas.

Lemma 15: Suppose pg > v and og < 1 — 5—2. Fraudulent Pooling Equilibria exist for all

possible competition levels in the market if 6 € [0p, ds].

Proof.

Claim 15.1 : For all possible competition levels in the market, there exists a continuum of
pooling equilibrium outcome characterized by ¢3 = ¢7 = 1 and by (py) = yu and b} (py) = 0 if
5 = by < 8, where vy > 13 (5).

Proof.  Consider the buyer’s posterior beliefs pj (H|pp,s) given by equation (6). To verify
that (u*, ¢*,b*) if § = dy is a SSPBE, notice that these beliefs are by construction consistent with
Bayes’ rule along the equilibrium path. If § = 0y, then pj(H|py,H) = A > pi(H|pu,L). By
(2), the buyer’s strategy is rational with respect to them. Now consider the low quality seller. In

equilibrium,
OnYPH
1 — Bony

In equilibrium, a one shot deviation must be not profitable for none of the sellers. Since Vi (pg) >

V' =Va)pr = (21)

Vi(pm), this dishonesty condition can be written as,

(1= 89pm =12 8 (1= ) 1= (1= NIV = Vi, 22)
If we substitute (21) into (22), condition (22) can be shown to be satisfied for all market competition
levels if 0 = 6y < s & v > v5(9).
Claim 15.2 : For all possible competition levels in the market, there exists a unique pooling
equilibrium outcome characterized by ¢3; = ¢ =1, by (pr) =1 and b (pa) =0 if 6 € (0m, 0s).
Proof. Consider the buyer’s posterior beliefs p1j (H|pp, s) given by equation (6). To verify that
(u*, 0*,b%) if § € (0, ds] is a SSPBE, notice that these beliefs are by construction consistent with
Bayes’ rule along the equilibrium path. If 6 > dp, then pj(H|pu, H) > A > pi(H|pu,L). By (2),
the buyer’s strategy is rational with respect to them. Now consider the low quality seller. Following
a similar reasoning as in the proof of Claim 8.3, if we substitute (17) into (18), condition (18) can be

shown to be satisfied for all market competition levels if iy < § < d5. Uniqueness follows trivially.
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This completes the proof of lemma 15.

Lemma 16: Suppose pgr >0 and g < 1— 5—2. In less competitive markets, defined as n < nyp,
fraudulent pooling equilibria exist if 6 € (max{&H,és}, 1— 1%)'

Proof. The proof follows by using an argument similar as the one used in the proof of claim
15.2.

Lemma 17: Suppose pg > v and 0 < 1 — ;Io)_,L{' If § = 0y > b5, then fraudulent pooling
equilibria also exist if n < n,p(5,7).

Proof. The proof follows by using an argument similar as the one used in the proof of claim
15.1. Condition (22) can be shown to be satisfied for n < n,5(,7) if § = 0y > 65 & v > y5(9)

PL

Lemma 18: Suppose pg > v and dg < 1 — TR No fraudulent pooling equilibrium exists for

any other possible combination of § and n
Claim 18.1 : Suppose pg > v and ég <1 — 1%' If 6 = g > 65, then no fraudulent pooling
equilibria exist for n > n,gz(9,7).

Proof. Suppose not. By using an argument similar as the one used in the proof of lemma 17,
condition (22) can be shown to be violate for n > n,5(d,7) if § = 6y > J5. The low quality seller

strictly prefers to be totally honest.

PH PH

Claim 18.2: Suppose py > v and 6y < 1 — 2L [f§ € (max{(SH,(SS},l— p—L), then no

fraudulent pooling equilibria exist for n > 7.

Proof. The proof follows by using an argument similar as the one used in the proof of lemma
16. Condition (18) can be shown to be violated for n > n, if § € (max{(SH, ds}, 1 — 5—2). The low

quality seller strictly prefers to be totally honest.

Claim 18.3: Suppose pg > v and oy < 1— If—fl. If6>1- g—; > 0y, then no fraudulent pooling

equilibria exist for any market competition level.

Proof. 'The proof follows by using an argument similar as the one used in the proof of claim

11.2.

This completes the proof of lemma 18.
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Lemma 19 : Suppose that pg > v and g <1 — z];_IL{' For all market competition levels, Hybrid
Equilibria exist if § € (%,5;1) U (1 - [’)’—}LI, 1) .

Proof.  Consider the equilibrium outcome characterized by ¢% = 1, ¢% = ¢(8) =, by (py) €
(v (0), max{y7(d),1}) and b} (py) = 0 and the buyer’s posterior beliefs uj(H|pm,s) given by
equation (6). To verify that (u*,¢*,b*) if 6 <1 — 5—; is a SSPBE, notice that these beliefs are by
construction consistent with Bayes’ rule along the equilibrium path. In addition, yu)(H|py, H) =
A > py(H|pu,L). By (2), the buyer’s strategy is rational with respect to them. Now consider the
low quality seller. In equilibrium, the low quality seller must be indifferent between being honest
or dishonest. This condition is given by equation (13). If we substitute (14) evaluated at ¢() into
(13), condition (13) can be shown to be satisfied for n = ny,5(4,7) if 6 < 65 and v € (v5(0),vg(9)),
or if § € (0s,0n) and v > (). Since n,p (6, ) is increasing in v if § < d5 and as v — y5(9),
npg(6,7) — 1 and as v — v5(6), nyg(0,7) — +oo if 6 < J,, then this equilibrium exists for
all market competition levels if § < ;. Notice that v — 1, n,z(d,v) — np. Since ny5(d,7) is
increasing in v if § < 4, and it is increasing in v at first and then it may decrease in v if § < &,
then this equilibrium exists for n > ny. By an argument similar as the one used in the proof of
lemma 13, a hybrid equilibrium exists if § € (ds,07) for n < n, where n < ny, if § € ((55, 1-— p—L).

PH
By an argument similar as the one used in the proof of lemma 12, a hybrid equilibrium exists if

se(1-281)
Lemma 20 : Suppose that pg > v and g < 1 — ]’:—IL{. Hybrid Equilibria exist for n > n, if

o€ (max{(SH,(Ss}, 1-— 5—;).

Proof. The proof follows by using an argument similar as the one used in the proof of lemma
13.

Lemma 21 : Suppose that pgr > v and 6y < 1— 5—;. No hybrid equilibrium exists for any other

possible combination of § and n.

Proof.  Suppose not so that hybrid equilibria exist for n < n, if § € (max{5 05}, 1 — fo)_f,)'
We arrive at a contradiction by using an argument similar as the one of the arguments used in the

proof of lemma, 14.
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Lemma 22 : Suppose that 6 > 1 — g—fl. No fraudulent pooling equilibrium exists and hybrid

equilibria exist Vo & Vn.

Proof. Suppose not so that pooling equilibria exist for some §. The buyer’s posterior beliefs
pi(Hpw,s) are given by equation (6). These beliefs are by construction consistent with Bayes’
rule along the equilibrium path. If § < dp, they satisfty A > pj(H|py, H) > pj(H|pu,L). By (2),
the buyer’s optimal strategy is to reject the high price offer independently of the signal realization.
But then, any seller would have incentives to deviate and be honest. If § > dp, then they satisfy
pip(Hlpu, H) > A > pj(H|pu, L). By (2), the buyer’s optimal strategy is to accept the high price
offer if and only if the high signal is realized. But then, any seller would have incentives to deviate
and be honest since both the current profit would be greater and the seller is guaranteed to be
matched with the buyer in the following period. A contradiction. The proof that hybrid equilibria

exist Vé & Vn follows by using an argument similar as the one used in the proof of lemma 19. The

proof of proposition 6 is completed. Q.E.D.
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