6 Structural Change

Over the last one hundred years or so, there are two sets of stylized facts
that characterize the US economy.

Kaldor facts: the growth rate of per capita GDP, the capital to
output ratio, the real interest rate, and the share of labor income in national
income have all stayed at roughly constant levels.

Kuznets facts: as the economy grows, the output and employment
share of agricutlure declines and the corresponding share of services increases.

We know that the simple one-sector neoclassical growth model is consis-
tent with the Kaldor facts. In this section we study a multi-sector growth
model and study the conditions under which both the Kaldor facts and
Kuzents facts are consistent with the model.

Consider an economy with a representative household whose preferences
are given as follows:
Preferences
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Here, ¢, is a composite of m differentiated consumption goods,
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t=0

Ct = [Z i(ci — bz‘):l] ’
i=1

and ¢ is the elasticity of substitution and b; is a constant, for i =1, ..., m.
Technology
The technology for producing good i is

Yie = Au K LY, 0 <y < 1.

Fori=1,...,m—1, the output of sector 7 can only be used for consumption.
For sector m, however, the output can also be used for investment in capital
that is used for production in all sectors.

To solve the equilibrium, we first look at the household’s dynamic pro-
gramming problem:

v(K;) = max {ﬁ [, = 1] + ﬂv(KtH)}
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subject to

Cy = [Z ¢@'(Cit - bz):l] )
i=1
27;1 DitCit + Xy = wy Ly + 1 Ky,
Kt+1 == (1 - 5)Kt + Xt'

The problem can be solved in two steps. First, we solve the optimal
consumption allocation across the m goods given X; and w;L + r;K;, which
is a static optimization problem. Then, we solve for the optimal X; in the
dynamic programing problem.

The consumption allocation problem:

m e—1
e—1
max [E o;(cip — b;) = ]
cit,t=1,....m

=1

subject to
m
Zpitci = ’LUtL + Tth — Xt.
i=1

The first order conditions are:

or
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Substituting it into the budget constraint, we have

ST NS S
j=1

j=1

ThUS, Ct/\_8 = ﬁwt[/ + Tth - Xt — an:l pjtb
i=1 93Pt J
i S
Cit = ﬁ (th +r K — X — ijtbj) + by, (16)
2 j=1 93P =1
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= (Z (bspzt ) (’th + Tth — Xt — ijtb])
j=1
— p;l (U)tL + Tth — Xt — Zp]tb]) ,

j=1

where )
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is the consumer-price-index (CPI).
Thus, the household’s dynamic programming problem becomes

m 1=y
1 —(1—
’U(Kt) = max — | P (= ("lUtL + Tth + (1 - 5)Kt — Kt+1 — ijtbj> -1 -+ ﬁU(Kt+1)
j=1

Kt 1-— y

J

The first-order-condition is

e = Bo(Ku)
and the envelope condition is
V(K =p, e (14— 6).
Thus, we have
pt_( 51% Ct—i—l(l + 711 — 0).

Firms’ problem:
For each i = 1,...,m, the firm in sector ¢ chooses capital and labor to
maximize profits:

1—a; 17Oy
max {pi Al " Ly — weLy — 1Ky}

Klt it
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The first order conditions of the optimization problem are:

KZ' 1—()(1'
aipitAit( t) = Wy,

Ly
A
11—« i Al = Ty.
( )pt t (Lit) t
These two conditions imply that
Ki 1-— a; Wt 1
= —,i=1,..,m.
Li o T T

Let ki = K/ Ly, then, the equation above implies that

(1 — ),
ki = ———kmi = tkm 18
t ai<1_am) t = MiRmt ( )
where
(1 — )y,
fl; = ————=.
a;(1 — ap,)
Thus, we have
wy = amAmtk,ln_tam = pitaiuf‘iAitk;;ai, i=1,...,m—1. (19)
e = (]_ — Oém)Amtk;L?m. (20)

The first equation above implies that

O Amt a;—Qm
Dit = aiuﬁ” Ait kmt . (21)
That is, the relative price of good 7 is inversely related to the relative TFP
of the sector that produces good . The impact of the capital to labor ra-
tio on the relative price depends on the capital intensity of the production
technology for the good. If the sector is more capital instensive than the
manufacturing sector, then «;; < «,,, and the relative price increases as the
capital to labor ratio increases. Note that wy, r;, and p;; are all functions of
kmt'
The market clearing condition for good i (i < m) is

1—a; 7y 11—«
cip =Yy = AuK,; Ly = Ayk,, " Ly
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or
DitCit = pitAitkilfai Lj. (22)

From the first order condition of the firm’s profit maximization problem we
have

PirAiky = oy 'wy = G Atk (23)
From equation (16) we have :
‘?p.l_a m
PitCit = mz—ngl_a well +r Ky — Xy — ijtbj + pitbi, (24)
ZJ‘:l ¢jpj j=1

Substituting (23) and (24) into equation (22) and solving for L;; yields the
following equation

L( R U ) b
L~ o ST gl well + 1 Ky — Xy ijl pjtb; | + pithi (25)
T o, P e

Since wy, wy, 1y, and p;; are all functions of k,,;, L; is a function of k,,;, K;
and X, for any ¢ < m. Since L,,; = L — E:’;l Lj, it is also a function of
ke, K and X;.

Finally, the capital market clearing condition is

Kt - Z Kz't‘
=1

From (18) then we have
Ky = Z KitLit = kg ZMiLz‘t- (26)
i=1 i=1

Because L;; is a function of k,,,;, K; and X, for all i = 1, ..., m. Equation (26)
can be used to solve for k,,; as a function of K; and X;.

In the special case when all sectors have the same capital share, i.e.,
a; =« for all i = 1,...,m. Then, p, = 1 and equation (26) implies that

K
kmt - ft
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This in turn implies that

Wy = OZAmtk}n_ta = OéAthtl_aLa_l.
Ty = (1 — ()Z)Amtk;g = (1 — Oé)Atht_aLa.

Thus,
Y, = w L 4+ 1K, = A KLY,

Equation (25) can then be written as

ﬁ o fp}t_e 1_ & B Z;nzl Piitb; i Ditbi
L Z;n:1 ¢§pjl'_a Y: Y
Finally, in this special case, equation (21) simplifies to

o Amt
Dit = Ait
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